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Abstract
Vempati, Vamsi Krishna. Ph.D., Engineering Ph.D. Program, Department of
Mechanical and Material Science Engineering, Wright State University, 2021. Texture
Evolution in Materials with Layered Crystal Structures

Materials with a layered structure consist of crystalline layers that are bonded to each
other with secondary bonds (van der Waals interactions). The bonding between crystalline
layers is relatively weak compared to the interatomic bonding within the crystalline layers.
This research hypothesizes that under appropriate conditions, such as elevated temperature,
the deformation of layered materials occurs like the classic “deck of cards” with no
preferred direction of slip on the slip planes. The motivation for this study is from the
experimental texture evolution of one such material, Bismuth Telluride (𝐵𝑖! 𝑇𝑒" ),
commonly used materials for thermoelectric applications in the range of temperatures from
−20℃ to 150℃.
Bismuth telluride has a trigonal crystal structure consisting of five layers of
hexagonally close-packed Bi and Te atoms in an alternating sequence: 1𝑇𝑒($) − 𝐵𝑖 −
𝑇𝑒(!) − 𝐵𝑖 − 𝑇𝑒($) 2& . These quintuples are bonded with van der Waal interaction between
adjacent layers of 𝑇𝑒($) atoms. Experimental results show that after deformation at
80 to 90% of the absolute melting temperature, this material develops characteristic
textures depending on the type of deformation. For example, when 𝐵𝑖! 𝑇𝑒" is subjected to
rolling, the material develops a texture in which [0001] is oriented perpendicular to the
iv

9 0〉 directions are randomly oriented in the plane of rolling, and
rolling plane and 〈112
when subjected to extrusion, the [0001] is oriented perpendicular to the extrusion axis and
9 0〉 directions are aligned in the extrusion direction.
〈112
In this study, the texture development during the deformation of a layered material is
modeled using relationships between the rotation of a slip-plane and the orientation of the
loading axis relative to the slip plane normal and the slip direction. An orientation
evolution matrix, which relates the applied principal (normal) strains to a change in slip
plane orientation for a layered material, has been developed. Initial simulations under
simple loading conditions – uniaxial compression, plane strain compression, and
axisymmetric deformation – show that texture evolves with the slip plane normal rotating
towards the compression direction.
The goal of the research is to confirm the hypothesis stated earlier by combining finite
element modeling of deformation and the orientation development matrix for other types
of deformation and compare the results with experimental data that is available for
(𝐵𝑖! 𝑇𝑒" ) deformed by plane-strain rolling, round-to-round extrusion, and 3D channel die
compression.

v
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Chapter 1
Introduction
In recent years, the impending energy crisis has made the discovery and application of
new energy sources an essential realm of scientific research. Consequently, thermoelectric
power generation, which can directly convert heat energy to electricity, has enhanced the
significance of this urgent demand. The thermoelectric effect can generate electrical energy
cleanly without any exhaust gases, mechanical vibration, or noise. These superior
characteristics, including the simple structures, low cost, the absence of maintenance
required, and prospects for the development of thermoelectric power, have led it to be the
focus of intensive research efforts.
A TE couple is shown in Figure 1. It consists of n-type (electron carriers) and p-type
(hole carriers) which are connected through a metallic electrical contact pad. Both
refrigeration and power generation could be achieved using this module. When an array of
these couples is arranged electrically in series and thermally in parallel, then a TE module
is formed. The advantages of TE solid-state energy conversion are compactness, quietness,
and localized heating or cooling.

1

Figure 1: Peltier thermoelectric couple [1]

In the range from −20 °𝐶 to about 150 °𝐶, which is relevant for most
heating/refrigeration applications, bismuth telluride (𝐵𝑖! 𝑇𝑒" ) has the highest figure of
merit (defined below) among currently available bulk thermoelectric (TE) materials [2].
The ability of a material to convert temperature differences to electrical voltage, measured
by the Seebeck coefficient
S=

∆V
∆T

Eq. 1

(Also called thermopower or thermoelectric power), has been exploited in temperature
measuring devices, such as thermocouples. However, to use this phenomenon for efficient
energy conversion between thermal and electrical energy at any temperature T, the property
that needs to be maximized is the thermoelectric figure of merit
ZT = S ! T

2

𝜎
κ

Eq. 2

where σ is the electrical conductivity and κ is the thermal conductivity of the material.
Large ZT values can be obtained by high power factor (PF) (= 𝑆 ! 𝜎) and low thermal
conductivity (𝜅). Increasing both 𝜎 and 𝑆 simultaneously is difficult because they tend to
change in the opposite direction as the charge carrier concentration changes. It is also very
difficult to increase 𝜎 and to decrease 𝜅 at the same time as the electronic component of 𝜅
tends to change in the same direction as the change of 𝜎. In semiconductor materials, 𝜎 is
caused by the movement of electrons, and 𝜅 is caused by the movement of phonons or
lattice vibrations [3] thereby allowing to modify the (𝜎⁄𝜅) ratio through microstructural
modification.
1.1. Structure of Bismuth Telluride
Bismuth telluride (𝐵𝑖! 𝑇𝑒" ) has attracted intense attention as a functional material in
applications such as traditional thermoelectric systems, three-dimensional (3D) topological
insulators, and photovoltaic materials. 𝐵𝑖! 𝑇𝑒" has a rhombohedral crystal structure of the
(
space group 𝐷"'
− 𝑅(−3)𝑚, which can be referred to as a hexagonal unit cell with five

atomic layers in one-unit cell. The atomic arrangement of 𝐵𝑖! 𝑇𝑒" can be visualized as a
layered sandwich structure as shown in Figure 2.
The lattice parameters of the 𝐵𝑖! 𝑇𝑒" structure shown in Figure 2 are 𝑎 = 0.438 𝑛𝑚
)

and 𝑐 = 3.049 𝑛𝑚. The unit cell has a * ratio of 6.96 [4], as a result of which only basal
slip can be expected during plastic deformation. Each unit cell is built up by five
monatomic sheets, also called a quintuple, along the c axis with the sequence [5], [6], and
[7]: 1𝑇𝑒 ($) − 𝐵𝑖 − 𝑇𝑒 (!) − 𝐵𝑖 − 𝑇𝑒 ($)2&

3

From Figure 2, the bond between the 𝐵𝑖 (purple) atoms and 𝑇𝑒 (!) (blue) atoms are
covalent bonds, and the bonds between 𝐵𝑖 (purple) atoms and 𝑇𝑒 ($) (green) atoms are
covalent bonds are covalent + ionic bonds, the bonds between the adjacent 𝑇𝑒 ($) layers
(green) are weak van der Waals interactions.

Figure 2: Crystal structure of 𝐵𝑖! 𝑇𝑒" [8]

The high figure of merit in 𝐵𝑖! 𝑇𝑒" (𝑍𝑇 ~ 1) can be attributed to a large thermopower
(𝑆 ~ 200 𝜇𝑉 𝐾 +$ ), high electrical conductivity (𝜎 = 1000 Ω+$ 𝑐𝑚+$ ) and low thermal
conductivity (𝜅 = 1.5 𝑊 𝑚+$ 𝐾 +$ ) [9]. From [10] the mean-free path of phonons is in the
4

range of 1 − 100 𝑛𝑚. Reducing the scale of the microstructure to the scale of phonons
mean-free path would increase the level of phonon interactions and thereby reducing the
thermal conductivity and increasing the figure of merit. From the discussion’s in [11], [12],
[13], [14], and [15] it has be seen that 𝑍𝑇 in 𝐵𝑖! 𝑇𝑒" can be increased by modifying the
microstructure to consist of ultra-fine grains with [0001] direction aligned perpendicular
to the rolling direction and ⟨11290⟩ is aligned randomly on the plane will therefore take
advantage of the anisotropic properties of 𝐵𝑖! 𝑇𝑒" . If (11) represents a direction on the
basal plane and (33) represents a direction in the “c” direction or perpendicular to the basal
plane, the ratio of electrical conductivity is i

𝜎$$
j𝜎"" k ≈ 4 and the ratio if thermal

𝜅
conductivity is i $$j𝜅"" k ≈ 2 [16]. Therefore, to maximize 𝑍, the workpiece must have a
fine grain size, the “c” axis, i.e., (0001) directions in all grains in the workpiece must be
9 0⟩ must be randomly oriented in a plane
aligned parallel to each other, and the ⟨112
perpendicular to the “c” axis.
1.2. Motivation for this research
Work done by Srinivasan et al [17] suggests that 𝐵𝑖! 𝑇𝑒" develops the optimal
microstructure, with [0001] perpendicular to the rolling plane and ⟨11290⟩ randomly
oriented on the rolling plane when deformed at temperatures of 80 − 90% of the absolute
melting temperature of this material. The goal of this research is to develop a model for
the deformation of a material with a layered crystal structure, such as Bi2Te3, and compare
the texture evolution under several deformation conditions, such as uniaxial compression,
plane strain compression, extrusion, and rolling to the experimentally obtained texture
reported in Ref. 17.

5

Chapter 2
Literature Survey
2.1. Deformation of Single Crystals
The deformation of materials is divided into two types – elastic and plastic deformation
[18]. Figure 3 shows typical stress-strain curves [19]. The plastic deformation of a material
is caused when an external force is applied under certain conditions. When the external
force is removed, if the material returns to its original shape, then it is elastic deformation.
After external force is removed, the elastic deformation part disappears and the part of
deformation that cannot be recovered and remains is called plastic deformation. When an
external force is applied to a material, the relative positions of the underlying atoms change.
In general, a crack appears when a local deformation exceeds a certain limit thereby
causing the breakage of the bonds, when these cracks expand, the material breaks. The
main difference between elastic deformation and plastic deformation is elastic deformation
is reversible whereas plastic deformation is irreversible.

6

Figure 3: Stress/strain curves. Left: a classical curve, showing elastic and plastic regions; once
deformation enters the plastic range – the material does not regain the original shape when the stress is
removed. Right: stress-strain curves for a variety of different materials. [19]

To understand the stress and strain better, consider a cylindrical bar that has a uniform
area throughout, and it is subjected to an external load as shown in Figure 4.

𝐴#

𝐹

𝐿#

∆𝐿

Figure 4: Cylindrical bar subjected to axial load

7

Let us assume that the two-gauge marks that are present on the surface of the bar are
when there is no strain on the bar and the distance between the two points is 𝐿, . When a
load of F is applied to one end of the bar, there is a slight change in the length of the bar
and there is a decrease in the diameter. The distance between the gauge marks is increased
by a length of 𝛿, which is called deformation. The ratio of change in length over the initial
length is called the average linear strain, or engineering strain, denoted by 𝑒.
e=

δ
∆L L − L,
=
=
L, L,
L,

Eq. 3

The units of strain are dimensionless as both 𝛿 and 𝐿, are measured in units of length.

! 𝜎 𝑑𝐴

F

Figure 5: Free body diagram of Figure 4

From Figure 5, we see that the external force F applied to the cylindrical bar is balanced
by the internal force ∫ 𝜎𝑑𝐴, where 𝜎 is the stress normal to the applied plane, and 𝐴 is the
cross-sectional area of the cylindrical bar. The equilibrium equation can be written as:
F = u σ dA

Eq. 4

If the stress applied is uniform across the entire area 𝐴, then equation 4 can be written
as:
𝐹 = 𝜎 u 𝑑𝐴 = 𝜎𝐴
8

σ=

F
A

Eq. 5

Equation 5 represents the average stress since the stress cannot be uniform across the
entire area A.
The average stress and the average strain can be related using Hooke’s law as,
σ
= E = constant
e

Eq. 6

The constant 𝐸 is the elastic modulus or Young’s modulus.
2.1.1. Deformation by slip
In crystalline materials, the primary mode of plastic deformation is when a plane of
atoms glides over another plane of atoms. The plane on which the slip occurs is called Slip
Plane (SP) in Figure 6, the normal to the glide is called Slip Plane Normal (SPN) and the
direction along which the slip occurs is called Slip Direction (SD). Figure 6 shows the
relationship between SP, SD, SPN, and loading axis (LA).

9

𝜙

Figure 6: Slip elements under the tensile condition

In general, a slip occurs due to the movement of dislocations. The geometric
relationship between a specific SP and SD and the applied stress gives information about
the shear stress which causes the shear translation. A slip system is a combination of
directions and planes, which in tensor notation can be expressed as <uvw> {hkl}, where
SD = [uvw] and the SP = (hkl) for a single plane. In metals, a slip plane is a plane with a
high density of atoms, and a slip direction is a direction on the slip plane along which atoms
touch each other. Table 1 shows slip systems for some common crystals.
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Table 1: Slip systems for common crystals

Slip
Structure

Slip planes

Example

direction

FCC

Cu, Al, Ni, Ag,

< 110 >

{111}
Au

BCC

< 111 >

{110},{112},{123}

HCP

< 11290 >

(0001),{11900},{11901}

α-Fe, W, Mo

Cd, Zn, Mg,
Ti, Be

< 11293 >

Diamond

{119019}

< 110 >

{111)

< 110 >

{110}

< 001 >

{100}

< 110 >

{001},{110},{111}

cubic
Rock salt
structure

Cesium
chloride structure

Fluorite

11

Ti, Mg

Schmid factor is a quantity that relates the applied uniaxial stress and strain to the glide
on individual slip systems. In most crystals, slip can easily occur either in the forward or
backward directions, as a result, the condition that is necessary for a slip to occur can be
written as:
τ-. = ±τ/

Eq. 7

The subscripts n and d in equation 7 refer to SPN and SD, respectively. Schmid [20]
observed that when a crystal is subjected to deformation, slip occurs to form when the shear
stress applied on the dislocation reaches a critical value which is generally called critical
resolved shear stress, 𝜏) .
From Figure 6, for plastic deformation to occur the stress that needs to be applied is the
yield stress of the material and the applied stress acts along the slip direction.
τ0 =

force acting on slip plane
F 𝑐𝑜𝑠 λ
F
=
= 𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 λ
Aj
area of slip plane
A
𝑐𝑜𝑠 ϕ

Eq. 8

⇒ τ0 = σ 𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 λ
Schmid’s law is a simple yield criterion where a slip occurs when the value of 𝜏1
reaches a critical value 𝜏) . The quantity cos 𝜙 cos 𝜆 in equation 8 is known as Schmid
factor (𝑚).
Yield strength 𝜎2 is the maximum normal stress that can be applied to a material before
plastic deformation takes place. 𝜏) and 𝜎2 can be related using:
τ/ = σ3 𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 λ
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Eq. 9

In equation 9, 𝜙 is the angle between SPN and LA and 𝜆 is the angle between LA and
the SD. (Figure 6)
The relationship between axial strain and shear strain in terms of Schmid factor is given
as:
ε = γ 𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 λ

Eq. 10

where 𝜀 is the strain along the direction of applied stress and 𝛾 is the glide strain
expressed as a simple shear and 𝜙 and 𝜆 are as defined earlier.
The strains for a specific slip system can be expressed by the unit vectors of slip
direction, SD = [uvw] and SPN = (hkl) as:
⎡ u⋅h
⎢
v⋅h+u⋅k
ε45 = γ ⎢
2
⎢
⎢u ⋅ l + w ⋅ h
⎣
2

v⋅h+u⋅k
2
v⋅k
w⋅k+v⋅l
2

u⋅l+w⋅h
⎤
2
⎥
w ⋅ k + v ⋅ l⎥
2
⎥
⎥
w⋅l
⎦

Eq. 11

where 𝛾 is the magnitude of the simple shear in the slip system.
As a single crystal undergoes plastic deformation (tensile or compressive) on a single
slip system the crystal rotates as shown in Figure 7.
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Figure 7: Rotation of SPN towards LA (in compression), resulting in a change from circular to the
elliptical cross-section. (a) before compression; (b) after compression.[21]

The rotation is about the axis that is mutually orthogonal to SD and the SPN, which
can be represented as:
𝜔67
⎡
0
⎢
1
= 𝛾 ⎢ (𝑣 ⋅ ℎ − 𝑢 ⋅ 𝑘 )
⎢2
⎢1
(
)
⎣2 𝑤 ⋅ ℎ − 𝑢 ⋅ 𝑙

1
(𝑢 ⋅ 𝑘 − 𝑣 ⋅ ℎ )
2
0
1
(𝑤 ⋅ 𝑘 − 𝑣 ⋅ 𝑙 )
2

1
(𝑢 ⋅ 𝑙 − 𝑤 ⋅ ℎ)⎤
2
⎥
1
(𝑣 ⋅ 𝑙 − 𝑤 ⋅ 𝑘)⎥
2
⎥
⎥
0
⎦

Eq. 12

2.1.2. Deformation by Twinning
Another important mechanism by which metals deform other than slip is twinning [22].
In particular, twinning is important in HCP metals because they do not have the necessary
14

activation energy in the slip systems to cause an arbitrary shape change [23], [24].
Mechanical twinning like a slip occurs by shear, which is a result of movement within the
crystal thereby causing a change in the orientation of the atoms which is a mirror image of
the rest of the crystal [25].
Twins can be classified into two types. The first type is called mechanical twinning
which is caused as a result of mechanical deformation and the second type is called
annealing twins which are caused by the annealing operation after plastic deformation.
Figure 8 shows the geometrical description of mechanical twinning, wherein twinning
deformation can be considered as a simple shear deformation of the two planes 𝐾 $ and 𝐾!
which have their characteristic directions 𝜂$ and 𝜂! respectively. During a twinning
deformation, the plane along which the shear deformation takes place (𝐾$ ) remains
undeformed (does not change shape or position), whereas all the other planes incline such
that the 𝐾! plane remains undeformed but is inclined to 𝐾!8 .

Figure 8: Geometrical description of mechanical twinning [26].
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It is noted that both slip and twinning are deformation mechanisms that are caused by
the shearing of the specific crystallographic planes in specific crystallographic directions.
However, twinning differs from a slip in several ways:
i.

In slip, the orientation of the crystal surrounding the slip plane remains unchanged,
before and after a plastic deformation takes place and lattice rotation is gradual. In
twinning, an orientation change is observed along the twinning plane after the
deformation and the lattice orients abruptly.

ii.

In slip due to the movement of dislocations, the atom's net movement is generally
a multiple of atomic spacing, in twinning, the movement is less than the atomic
distance.

iii.

A slip occurs on widely spread planes, whereas in twinning when a deformation
takes place every atomic plane is involved.

Table 2 shows the twin planes and twin directions for the common crystal structures.
Table 2: Twin planes and twin directions

Crystal
Twin Plane

Twin Direction

Example

Structure
BCC

(112)

[111]

α-Fe, Ta

FCC

(111)

[112]

Ag, Au, Cu

HCP

(10192)

[19011]

Zn, Cd, Mg, Ti
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2.2. Crystal rotation during slip
Plastic deformation by slip causes incremental orientation change or lattice rotations
within a crystal. Most of the studies on the impact of mechanical properties of single-crystal
deformations are studied by the tensile deformations. In a real setup of a tension test, the
specimen is constrained at the grips as the crosshead of the machine moves up or down. As
a result, the specimen is not allowed to deform freely on all the slip planes with a uniform
glide across the gauge length as shown in Figure 9.

(a)

(b)

Figure 9: Tensile deformation of a single crystal (a) without constraint; (b) rotation of slip planes due to
constraint [27].

To study the lattice rotation caused by a tensile test, let us consider a long single crystal
that is elongated by its slip on a single slip system as shown in Figure 10. As the crystal
elongates, the orientation of the tensile axis (loading axis) changes relatively with the
crystallographic elements.
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𝑏)

𝑎)
𝑆𝑃𝑁 𝑇𝐴

𝑆𝑃𝑁 𝑇𝐴

𝑃(

𝑇𝐴

𝑇𝐴

𝑆𝐷

𝜆
𝑃

𝜆+
𝑃

(

𝑆𝐷

𝑃

𝑙+

𝑙

𝜙
𝑙+

𝑙

𝜙+

𝐵(
𝑂

𝐵

𝐶(
𝑂

𝐶

Figure 10: Extension of a long thin crystal. (a) Movement of SPN. (b) Movement of SD [27]

The following discussion is based on the work done by Dieter [27]. In the above figure,
the SPN and SD are considered as fixed, and the tensile axis changes its orientation relative
to them. The deformation by slip mechanism can be related to shearing a deck of cards.
When a slip occurs, it causes a translation to the point 𝑃 parallel to the SD to a point 𝑃8 .
Points 𝐵 and 𝐵8 are constructed by dropping normal from 𝑃 and 𝑃8 to the slip plane through
𝑂. Points 𝐶 and 𝐶 8 are constructed by extending the slip direction through point 𝑂 and
dropping normal from 𝑃 and 𝑃8 .
From Figure 10 (b), we see that the slip does not change the normal distance between
𝑂𝐶𝐶 8 and 𝑃𝑃8 .
8𝐶 8
999999
⇒ 99999
𝑂𝐶 8 = 𝑃
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From Figure 10 (a),
∠𝑂𝑃𝐵 = 𝜙, 𝑎𝑛𝑑 ∠𝑂𝐵𝑃 = 90°
⇒ 9999
𝑃𝐵 = 𝑙, cos 𝜙, ; 99999
𝑃𝐵8 = 𝑙 cos 𝜙
Since, 9999
𝑃𝐵 = 99999
𝑃𝐵8
𝑙, cos 𝜙, = 𝑙 cos 𝜙
⇒

𝑙,
cos 𝜙
=
𝑙
cos 𝜙,

⇒ 𝑐𝑜𝑠 ϕ =
where 𝑒 = Δ𝑙j𝑙 =
,

𝑐𝑜𝑠 ϕ,
j(1 + e)

Eq. 13

(𝑙 − 𝑙, )
ª𝑙 , is the engineering strain.
,

Similarly, from Figure 10 (b),
∠𝑃𝑂𝐶 = 𝜙, 𝑎𝑛𝑑 ∠𝑂𝐶𝑃 = 90°
9999 = 𝑙, sin 𝜆, ; 𝑃𝐶
999998 = 𝑙 sin 𝜆
⇒ 𝑃𝐶
Since, 9999
𝑃𝐶 = 99999
𝑃𝐶 8
𝑙, sin 𝜆, = 𝑙 sin 𝜆
⇒

𝑙,
sin 𝜆
=
𝑙
sin 𝜆,

⇒ 𝑠𝑖𝑛 λ =

𝑠𝑖𝑛 λ,
j(1 + e)

The shear strain associated with the slip is 𝛾,
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Eq. 14

𝛾=

999998
𝑃𝑃
9999
𝑃𝐵

999998 − 9999
99999
𝑂𝐶
𝑂𝐶
𝑂𝐶 8 9999
𝑂𝐶
⇒𝛾=
=
−
9999
999998 9999
𝑃𝐵
𝑃𝐵
𝑃𝐵
⇒𝛾=

𝑙 cos 𝜆 𝑙, cos 𝜆,
−
𝑙 cos 𝜙 𝑙, cos 𝜙,

∴ γ=

𝑐𝑜𝑠 λ 𝑐𝑜𝑠 λ,
−
𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 ϕ,

Eq. 15

From Figure 10 and Equations 14 and 15 we see that as a crystal elongates due to
tension elongation, 𝜙 increases, and 𝜆 decreases.
In the case of compression of single crystals, the compression axis rotates towards the
SPN. Figure 11 shows a schematic representation of the rotation of SPN towards loading
axes during a compression test.
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𝐿𝐴

𝐿𝐴

𝑆𝑃𝑁
𝑆𝐷

𝑆𝑃𝑁
𝑆𝐷

Figure 11: Rotation of SPN towards the compression axis [21].

2.3. Introduction to texture in materials
In the field of material science, the word “texture” is defined as the preferred orientation
of grains or crystals in a polycrystalline material. In general, polycrystalline metals,
meaning where the orientation of each crystal is different from its neighbor is crystalline
in solid-state. Therefore, a polycrystal can be considered as an aggregate of many
individual single crystals, which may have orientations in different directions. Figure 12
shows an optical micrograph of a polycrystalline metal surface.
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Figure 12: Optical micrograph of a polycrystalline metal surface, individual grains are represented by
different shades of grey. Blue cubes represent the orientations of the crystallographic lattice in each grain
[28].

Individual single crystals in a polycrystalline material can be arranged in several
different ways. One potential circumstance is where all the individual single crystals are
differently oriented to one another and there is no commonality of orientation between
them. Such a polycrystalline material would be called a material with a “random” texture.
The other possibility that can be observed is that in a polycrystalline material, some of the
individual crystals or grains may have nearly the same orientation, while the others may
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possess a host of different orientations. Such a material is referred to as “textured” material.
Figure 13 shows a sample with random orientations and textured orientation.

Textured
normal
direction
rolling
direction

Random

transverse
direction
normal
direction
rolling
direction

transverse
direction
Figure 13: Sample with random and textured grain orientations

In a polycrystalline material, crystallographic texture plays a significant role in
determining the final properties of a material such as elastic constant, yield strength,
electrical conductivity, piezoelectricity, magnetic susceptibility, refraction of light, and
wave propagation, to name only a few. Hence, it is important to represent this characteristic
in a material very carefully.
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2.4. Representation of Texture
Texture analysis in a polycrystalline material is based on a simple geometric model and
is represented using a rectangular reference frame that relates the sample and
crystallographic lattice[29]. The general representation of texture in a rolled sheet material
is {ℎ𝑘𝑙 }⟨𝑢𝑣𝑤⟩ , which implies that the {ℎ𝑘𝑙 } planes are parallel to the rolling plane and
⟨𝑢𝑣𝑤⟩ directions of the grains are parallel to the rolling direction. However, in a
polycrystalline material, we may have some grains with their {ℎ$ 𝑘$ 𝑙$ } planes parallel to
the rolling plane and ⟨𝑢$ 𝑣$ 𝑤$ ⟩ directions parallel to the rolling direction and other grains
might have their {ℎ! 𝑘! 𝑙! } planes parallel to the rolling plane and ⟨𝑢! 𝑣! 𝑤! ⟩ directions
parallel to the rolling direction and so on. In such a case, the texture of the material is
represented as {ℎ$ 𝑘$ 𝑙$ } ⟨𝑢$ 𝑣$ 𝑤$ ⟩, {ℎ! 𝑘! 𝑙! } ⟨𝑢! 𝑣! 𝑤! ⟩, ⋯ , and so on. Hence the texture of
the material can be represented as:
Overall Texture = ¯ w4 ∙ {hkl}4 ∙ ⟨uvw⟩4

Eq. 16

In Equation 16, 𝑤6 is a weighting factor to allow the intensities of the different
components. Texture in a material can be broadly represented either by the pole figure
method or by the orientation distribution function (ODF) method [30]. Figure 14 shows
how texture can be represented using the miller indices.
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sample

ℎ𝑘𝑙

𝑵𝑫

crystal

𝑻𝑫
𝑢𝑣𝑤

𝑹𝑫
Figure 14: Texture representation using the Miller indices {ℎ𝑘𝑙}⟨𝑢𝑣𝑤⟩ [31]

2.4.1. Pole figure method
A pole figure is an illustration of a two – dimensional stereographic projection of a
metal’s texture, wherein the positions and intensities of certain crystallographic
orientations about specimen geometry are plotted. In stereographic projections, a unit
sphere is fixed to the sample reference system, for example rolling direction (RD),
transverse direction (TD), and normal direction (ND) and the directions which are normal
to the crystal planes are shown as points (poles) on the surface of the fixed sphere whose
positions are described by spherical angles 𝜙 and 𝜃. Figure 15 shows a principle of
construction of a 100 pole figure.
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Figure 15: Principle of the construction of a 100 pole figure [32]

2.4.2. Orientation distribution function (ODF) method
As seen earlier in section 2.2.1, a pole figure is a two-dimensional representation of a
stereographic projection where the pole of a certain crystallographic plane (ℎ𝑘𝑙) from
several crystals in a polycrystalline material are specified relative to specimen geometry.
The basis for the ODF method is to describe the general orientation of a crystal which
is {ℎ𝑘𝑙 }⟨𝑢𝑣𝑤⟩ in a different aspect. An orientation distribution function (ODF) is a
quantitative representation of texture and can be termed as a mathematical expression that
describes the frequency at which the crystal orientations are oriented in a three-dimensional
space which is defined by the Euler angles. Figure 16 shows a schematic of a threedimensional Euler angle space.
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Figure 16: Schematic representation of FCC rolling structure in a three dimensional Euler angle space
[33]

Many researchers such as Bunge [29], Roe [34], and Williams [33], and [34] have
independently proposed mathematical formulations, which could describe the orientation
of a crystal by utilizing the numerical data obtained from the pole figure data.
The two independent methods proposed by Bunge [29] and Roe [34] employ different
definitions and use different symbols to describe the orientation of a given crystallite.
Bunge notation rotates the sample frame to the crystal frame whereas Roe notation rotates
the crystal frame into the sample frame. Of the two, the Bunge notation is the one that is
most commonly used. The three Euler angles employed by Bunge to describe crystal
orientations are 𝜑$ , 𝜙 𝑎𝑛𝑑 𝜑! , while the angles used by the Roe notation are 𝜓, 𝜃 𝑎𝑛𝑑 𝜑.
Figure 17 shows a schematic of Euler angles, defined by Bunge. The series of three
rotations, suggested by Bunge, are as follows:
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1. First rotation by an angle of 𝜑$ , about the 𝑍 axis.
2. Second rotation by an angle of 𝜙, about the new 𝑋 8 axis.
3. Third rotation by an angle of 𝜑! , about the new 𝑍 8 axis.
The transformation matrix describing the rotation from the sample frame to the crystal
frame can be written as:
𝑔( 𝜑$ , 𝜙, 𝜑! )
cos 𝜑$ cos 𝜑! − sin 𝜑$ sin 𝜑! cos 𝜙
= µ− cos 𝜑$ sin 𝜑! − sin 𝜑$ cos 𝜑! cos 𝜙
sin 𝜑$ sin 𝜙

sin 𝜑$ cos 𝜑! + cos 𝜑$ sin 𝜑! cos 𝜙
− sin 𝜑$ sin 𝜑! + cos 𝜑$ cos 𝜑! cos 𝜙
− cos 𝜑$ sin 𝜙

𝑍

𝑍"

𝑍

𝜙

𝜑&

𝜑&

𝑍"
𝑌"

sin 𝜑! sin 𝜙
cos 𝜑! sin 𝜙¶
cos 𝜙

𝑍
𝜙

𝑌"
𝜑&

𝜙

𝑌"
𝜑&

𝑋

𝜙
𝜑&

𝜑&
𝑋"

𝜑&

𝑌

𝑌

𝑋
𝜙

𝜑&
𝑋

"

𝑌

𝑋
𝜙

𝜑&

𝜑(

𝑋"

Figure 17: Euler angle, Bunge Notation [32]

Figure 18 compares Roe and Bunge notations, and we can see that in Roe convention,
the second rotation represented by 𝜃 occurs about the new TD – axis instead of the new
RD – axis as for Bunge notation.
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𝜑(

Roe Notation

Bunge Notation

Figure 18: Comparing Roe and Bunge notations. [30]

The relationship between the different sets of notations is given in Table 3.
The transformation matrix describing the rotation from crystal frame to sample frame,
using Roe notation can be written as:
𝑔(𝜓, 𝜃, 𝜙)
cos 𝜙 cos 𝜃 cos 𝜓 − sin 𝜙 sin 𝜓
−
= µ sin 𝜙 cos 𝜃 cos 𝜓 − cos 𝜙 sin 𝜓
sin 𝜃 cos 𝜓

cos 𝜙 cos 𝜃 cos 𝜓 + sin 𝜙 cos 𝜓
− sin 𝜙 cos 𝜃 sin 𝜓 + cos 𝜙 cos 𝜓
sin 𝜃 sin 𝜓

Table 3 compares the Euler angle definitions by these two methods.
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− cos 𝜙 sin 𝜃
sin 𝜙 sin 𝜃 ¶
cos 𝜙

Table 3: Comparison of Euler angle definitions

Bunge

Roe

φ$

π
−ψ
2

𝛷

θ

φ!

π
−φ
2

Polycrystalline materials consist of crystallites of different shapes, sizes, and
orientations. In the present context, orientations are the main distinguishing features for the
crystallites. Each crystallite can be represented by a specific set of Euler angles, defined
above, and the orientation of the crystallite ‘𝑔’ can be written as
g = g(φ$ , 𝛷, φ! )

Eq. 17

If we assume that all the crystallites, having an orientation ‘𝑔’ and with the spread of
“Δ𝑔”, are contained within a volume “Δ𝑉” and if “𝑉” is the total volume of the sample,
then an orientation distribution function 𝑓(𝑔)can be defined as:
f(g)dg =

𝛥V
V

Eq. 18

2.5. Crystal Plasticity
At the continuum level, a body is made up of an infinite collection of material points.
To study the kinematics of isothermal finite deformation of the continuum body, we define
an initial configuration or a reference state 𝐵 ⊂ ℝ" . The deformed configuration is defined
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as 𝑆 ⊂ ℝ" at subsequent times 𝑡. Hence the concept of deformation can be defined as a
geometry-related deviation between the reference and deformed configuration.
A vector dx is used to map the positions of the neighboring material points to the
arbitrary origin in the initial configuration. As deformation takes place, the vector is
mapped to its current configuration represented as:
dy = dx + du

Eq. 19

where 𝑑𝑢 is the differential total displacement vector. Vectors 𝑑𝑥 and 𝑑𝑦 are related
by the deformation gradient, F:
dy = Ä

∂y
∂u
Æ dx = ÄI + Æ dx = Fdx
∂x
∂x

Eq. 20

Where 𝐼 is the second rank identity tensor. Figure 19 shows the decomposition of the
total deformation gradient.

Figure 19: Decomposition of the total deformation gradient [37].
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Polar decomposition states that any deformation gradient, 𝐹 can be expressed as a
product of pure rotation, 𝑅, and a symmetric tensor that is a measure of pure stretching.
F=R∙U=V ∙R

Eq. 21

Where 𝑈 and 𝑉 are symmetric tensors. The term 𝐹 : ∙ 𝐹 is quite common in deformation
analysis of continuum mechanics and is defined as Right Cauchy – Green tensor,
represented as:
C = F; ∙ F = U!

Eq. 22

The Left Cauchy – Green tensor can be defined as:
B = F ∙ F; = V!

Eq. 23

In a modern rate-dependent theory of crystal plasticity, three main problems must be
solved, which are:
•

Determine which slip system is active

•

Determine increments of plastic strain in each active slip system

•

Determine the solution for slip systems that satisfy the yield functions.

Figure 20 shows the kinematics of elastic-plastic deformation of a crystalline solid
undergoing deformation by slip.
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𝑠&
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Figure 20: Kinematics of elastoplastic deformation by slip [38]

As stated by Taylor [39], when a deformation takes place the crystal structure
undergoes pure plastic deformation, then rotation and pure elastic stretching. The total
deformation gradient can be written as:
F = F<. F=. F>

Eq. 24

Equation 24 can also be written as:
F = F∗. F@

33

Eq. 25

Where 𝐹 ∗ is the deformation gradient caused by rotation and elastic stretching and 𝐹 A
is the part of the total deformation gradient solely due to slip.
Figures 21 and 22 show examples of deformations by pure dislocation (𝐹 = 𝐹 A ) and
pure lattice deformation (𝐹 = 𝐹 B ) respectively.

Figure 21: Example of pure dislocation deformation [37].

Figure 22: Example of pure lattice deformation [37].

The unit vector in the slip direction and the unit vector normal to the corresponding slip
plane in the undeformed configuration are denoted as 𝑠,C and 𝑚,C respectively, where 𝛼
denoted the slip system. In the deformed condition, since the vector 𝑠,C is embedded into
the lattice it becomes:
s D = F ∗ . s,D
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Eq. 26

The normal to the slip plane in the deformed condition is defined by the reciprocal
vector:
mD = mD, . F ∗

#$

Eq. 27

In general, 𝑠 C and 𝑚C are not unit vectors, but are orthogonal to each other, 𝑠 C . 𝑚C =
0.
The velocity gradient 𝐿 is defined and decomposed into symmetric and anti-symmetric
parts as:
L = Ḟ ∙ F +$

Eq. 28

L=D+ 𝛺

Eq. 29

𝐿 can also be expressed as:

Where 𝐷 and Ω are the deformation rate and spin tensors, respectively. Both 𝐷 and Ω
can further be decomposed into elastic and plastic parts as:
D = D< + D@

Eq. 30

𝛺 = 𝛺< + 𝛺@

Eq. 31

The plastic part of the velocity gradient, including contributions from all systems, is
given by
-

L = ¯ γ̇ (D) s ∗
@

(&) ⨂

DG$
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F∗

(&)

Eq. 32

With unit normal vectors 𝑚∗

())

and slip direction vectors 𝑠 ∗

())

corresponding to the 𝛼 HI

slip system and 𝛾̇ (C) is the shear rate on that system. 𝑛 is the number of active slip systems.
Prominent formulations relating the critical resolved shear stress 𝜏)C and the shear rate
𝛾̇ (C) have been suggested by Rice [40], Hutchinson [41], and Pierce [42, 43] for fcc metallic
crystals. The framework for the kinetic law on the slip system can be expressed as:
$

γ̇ (D)

τD F
= γ̇ , Ó D Ó sgn(τD )
τ/

Eq. 33

2.6. Deformation and texture in HCP metals
Plastic deformation generally occurs by dislocation motion on close-packed planes and
in close-packed directions. As seen in Figure 11: Rotation of SPN towards the compression axis
[21]. (section 2.2), as the material is subjected to compression, the slip planes tend to orient

in a direction perpendicular to the loading axis. Table 4 shows some slip systems observed
in few HCP metals.
Table 4: Slip systems observed in some HCP metals [44]

Deviation
(%) from
Element

c⁄
a

Principal slip

Secondary slip

Other slip

system

system

systems

the ideal
c⁄ =
a
1.633
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Prismatic

Cd

1.886

+15.5

Basal

Pyramidal

{10190}⟨11290⟩

{0001}⟨11290⟩

{11292}⟨11293⟩

Pyramidal
{10191}⟨11290⟩

Zn

1.856

+13.6

Basal

Pyramidal

Prismatic

{0001}⟨11290⟩

{11292}⟨11293⟩

{10190}⟨11290⟩
Pyramidal

Mg

1.624

−0.6

Basal

Prismatic

{0001}⟨11290⟩

{10190}⟨11290⟩

{10191}⟨11290⟩
{11292}⟨11293⟩

Basal
Co

1.623

−0.6

{0001}⟨11290⟩

None

None

Pyramidal
Zr

1.593

−2.4

Prismatic

Basal

{10190}⟨11290⟩

{0001}⟨11290⟩

{10191}⟨11290⟩
{11292}⟨11293⟩
Pyramidal

Ti

1.588

−2.8

Prismatic

Basal

{10190}⟨11290⟩

{0001}⟨11290⟩

{10191}⟨11290⟩
{11292}⟨11293⟩

Hf

1.581

−3.2

Prismatic

Basal

{10190}⟨11290⟩

{0001}⟨11290⟩

37

Pyramidal
1.568

Be

−4.0

Basal

Prismatic

{0001}⟨11290⟩

{10190}⟨11190⟩

{10191}⟨11290⟩
{11292}⟨11293⟩

From Table 4 we see that for HCP metals with an ideal 𝑐⁄𝑎 = Ô8j3 (𝑜𝑟 1.633) the
primary slip system is the basal plane with [0001] plane and ⟨11290⟩ directions. In crystals
with 𝑐⁄𝑎 > Ô8j3 the deformation is confined to the basal plane. However, the deformation
9 0⟩ when the 𝑐⁄𝑎 is less than ideal.
can be confined to the prismatic {10190}⟨112
In section 2.4, the general representation of texture in a rolled sheet material is
{ℎ𝑘𝑙 }⟨𝑢𝑣𝑤⟩, which is true for a cubic material. The texture is rolled sheet hexagonal
materials is represented by {ℎ𝑘𝑖𝑙}⟨𝑢𝑣𝑡𝑤⟩, in which the {ℎ𝑘𝑖𝑙} planes are parallel to the
sheet plane and ⟨𝑢𝑣𝑡𝑤⟩ is parallel to the rolling direction. In a cubic system the
[100], [010] 𝑎𝑛𝑑 [001] directions are parallel to the 𝑋−, 𝑌 − 𝑎𝑛𝑑 𝑍 − reference axes,
respectively. In the case of hexagonal systems:
•

9 0] is parallel to the X – reference axis
[101

•

9 0] is parallel to the Y – reference axis
[112

•

[0001] is parallel to the Z – reference axis

The relationship between the Euler angles orientations in Bunge notation 𝑔( 𝜑$ , 𝜙, 𝜑! )
and {ℎ𝑘𝑖𝑙 }⟨𝑢𝑣𝑡𝑤⟩ can be expressed as:
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Eq.
34

Eq.
35

𝑐𝑜𝑠 φ$ 𝑐𝑜𝑠 φ! − 𝑠𝑖𝑛 φ$ 𝑠𝑖𝑛 φ! 𝑐𝑜𝑠 ϕ
× µ− 𝑐𝑜𝑠 φ$ 𝑠𝑖𝑛 φ! − 𝑠𝑖𝑛 φ$ 𝑐𝑜𝑠 φ! 𝑐𝑜𝑠 ϕ¶
𝑠𝑖𝑛 φ$ 𝑠𝑖𝑛 ϕ

Wang and Huang [44] have shown that rolling textures in HCP metals can be
categorized into three groups based on their 𝑐⁄𝑎 ratio’s and metals such as Mg which have
a 𝑐⁄𝑎 ratio close to ideal will develop a basal texture in which the [0001] direction is
perpendicular to the rolling plane and ⟨11290⟩ and ⟨10190⟩ directions are distributed
uniformly in the rolling plane. Figure 23 illustrates the simulated rolling textures for
different 𝑐⁄𝑎 ratios.
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Figure 23: Simulated (0002) and (10140) rolling textures in HCP metals with different 𝑐⁄𝑎 ratio [44]

When 𝑐⁄𝑎 is greater than ideal, as in Zn or Cd, due to a combination of a slip in basal
and pyramidal planes, the resulting texture will have basal poles tilted away from the
normal direction towards the rolling direction [44].
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2.7. Deformation and texture development in bismuth telluride
From section 1.1 and Figure 2: Crystal structure of 𝐵𝑖! 𝑇𝑒" [8], we see that 𝐵𝑖! 𝑇𝑒" has a
hexagonal structure with a 𝑐⁄𝑎 ratio of 6.96. Since this is exceptionally higher than the
ideal ratio, we can expect the plastic deformation to occur as a result of the movement of
dislocations and the deformation would occur along the basal slip in the ⟨11290⟩ directions.
According to Wang and Huang [44], for metals with 𝑐⁄𝑎 ratio greater than the ideal should
have rolling structure similar to the texture observed in Zn or Cd as seen in Figure 22 b.
From experimental studies we see that the texture developed in 𝐵𝑖! 𝑇𝑒" after hot rolling is
like the texture that develops in Mg after hot rolling and is seen in Figure 24. The texture
that forms in 𝐵𝑖! 𝑇𝑒" is therefore not determined by the orientations of closed packed planes
and directions and the 𝑐⁄𝑎 ratio in the same way as in HCP metals.

Figure 24: Microstructure and EBSD texture plot of 𝐵𝑖! 𝑇𝑒" after hot rolling [17]

𝐵𝑖! 𝑇𝑒" has a trigonal crystal structure consisting of five layers of hexagonally closepacked Bi and Te atoms in an alternating sequence: 1𝑇𝑒($) − 𝐵𝑖 − 𝑇𝑒(!) − 𝐵𝑖 − 𝑇𝑒($)2& .
These quintuples are bonded with van der Waal interaction between adjacent layers of
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𝑇𝑒($) atoms [7]. At room temperature, 𝐵𝑖! 𝑇𝑒" crystal can be cleaved easily between the
adjacent quintuple layers and plastic deformation by the motion of dislocation is not
possible within the quintuple layers.
The experiments carried out on n-type 𝐵𝑖! 𝑇𝑒" alloy is illustrated in Figure 25.

Ball - mill + SPS

As - received
(extruded)

Sandwich rolling

Rolling direction
parallel to extrusion
axis
Sandwich rolling

Channel die
compression
perpendicular to
extrusion axis

Rolling direction
perpendicular to
extrusion axis

Figure 25: Experiments adopted in [17]

All the experiments have been carried out between the temperatures of
400℃ to 500℃ which is 80 to 90% of the absolute melting temperature. This research
hypothesizes that at this elevated temperature the bonds between the adjacent 𝑇𝑒($) layers
are very weak, and the crystal behaves essentially like there is no bond between the
quintuple layers. When stress is applied to the crystal, the quintuple blocks are free to move
in any direction and are analogous to a deck of cards with a slip plane along the [0001]
basal plane. The slip planes will rotate as the deformation takes place and the slip planes
stop to rotate when the orientation of the slip plane is perpendicular to the loading axis.
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Figure 26 shows a schematic of how slip planes reorient when a material is subjected to
compression.

Figure 26: Schematic reorientation of slip planes during compression [17]

2.8. Mechanical behavior of 𝑩𝒊𝟐 𝑻𝒆𝟑 at high temperature
Over the past 20 years, most of the research in thermoelectric materials was done with
a focus on improving the 𝑍𝑇 but only a little attention was given to the study of the
mechanical properties of these materials. Thermoelectric materials have to undergo
substantial thermal and mechanical vibrations and hence study of mechanical properties is
important.
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The mechanical and transport properties of a material originate at an atomic level where
the atomic bonding between the atoms is dependent on the mechanical properties of the
material. An atomic bond is formed when two or more electrons are shared between
adjacent atoms. The energy that is required to separate the attractive or repulsive forces is
the cohesive energy and is dependent on the size of the atom. If the bond between the two
atoms is strong then stronger cohesive energy is required to break the bond. The gradient
of force per small change of the distance between the particles is defined as Young’s
modulus. The material strength is the force required to break atomic bonds and forcing a
plastic and constant change in the material volume. The material compressibility, better
known for its reciprocal—bulk modulus (B), is a measure of the material’s resistance to
hydrostatic compression.
𝐵𝑖! 𝑇𝑒" based thermoelectric alloys, depending on the alloying and fabrication [45, 46]
have elastic modulus values ranging from ~40 GPa to ~200 GPa. 𝐵𝑖! 𝑇𝑒" and its alloys are
brittle in nature and as a result they do not show any plastic deformation. Ingots of 𝐵𝑖! 𝑇𝑒"
which are made by zone melting only have a flexural strength of 10 to 20 MPa [47].
Fracture toughness is the ability of a material to withstand loading even when flaws are
present and 𝐵𝑖! 𝑇𝑒" has fracture toughness values in the range of 0.4 to 1 MPa√𝑚 [47,
48].
In summary, the mechanical properties of materials represent the material’s responses
to different loading conditions and are macroscopic representations of the atomic bonding
between the atoms from which they are constructed. Measuring or correctly evaluating the
mechanical properties of TE materials has the potential to bridge between the atomic
(mechanical) and physical (electronic/transport) understanding of these materials to the
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fully developed working modules that will be optimal from both ends’ standpoint. That
way, the material selection for the proper use will be much easier and efficient.
2.9. Hypothesis and Goals of this research
This research hypothesizes that under appropriate conditions, such as elevated
temperature i80 to 90% 𝑜𝑓 𝑇LM k, the quintuple layers of 𝐵𝑖! 𝑇𝑒" would glide over one
another along the (0001) plane without any directionality. The goal of the research is to
validate this hypothesis by applying the crystal plasticity model for a layered crystal
structure using the orientation evolution matrix and comparing the results with
experimental data that is available for (𝐵𝑖! 𝑇𝑒" ) deformed by uniaxial compression, planestrain rolling, round-to-round extrusion, and 2D-side pressing.
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Chapter 3
Development and Testing of Orientation Evolution Matrix
Preliminary work was performed to study the texture development during the
deformation of a layered material which is based on two things:

•

Modeling a relationship between the rotation of a slip-plane and the orientation
of the loading axis relative to the slip plane normal and the slip direction.

•

Developing an orientation evolution matrix, which relates the applied principal
(normal) strains to change in slip plane orientation for a layered material.

The motivation of this study is from the experimental results on 𝐵𝑖! 𝑇𝑒" [17]. Four
loading conditions were chosen for this study, which are:
•

Case 1: Uniaxial loading

•

Plane strain compression
o Case 2: principal angles 𝜙$ and 𝜙"
o Case 3: all 3 principal angles are considered

•

Case 4: Axisymmetric compression

3.1. Uniaxial loading
To simulate the evolution of texture in a layered material when it is subjected to
uniaxial loading, the following assumptions are made:
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•

Crystal will have only a single slip plane.

•

No preferred direction of the slip on the slip plane.

•

Initial orientation of the slip plane normal and slip direction are 𝜙, and 𝜆,
respectively.

The following discussion is based on the literature by Dieter [27] and Figure 27.

Figure 27: Extension of a single crystal [49]

If the incremental change in length from 𝐿, to 𝐿$ , where
L$ = L, + dL
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Eq. 36

From Figure 27,
AC = L, 𝑠𝑖𝑛 χ,
BB 8 =

L$ 𝑠𝑖𝑛(λ, − λ$ )
𝑠𝑖𝑛 λ,

Eq. 37
Eq. 38

The subscripts “0” and “1” indicate before and after deformation. Substituting Equation
36 into Equation 38,
BB 8 =

(L, + dL) 𝑠𝑖𝑛(−dλ) −(L, + dL)dλ −L, dλ
=
=
𝑠𝑖𝑛 λ,
𝑠𝑖𝑛 λ,
𝑠𝑖𝑛 λ,

Eq. 39

Hence the incremental shear strain can be expressed as:
dγ =

BB 8
AC

Eq. 40

Substituting Equations 37 and 39 in Equation 40
−L, dλ
1
−dλ
dγ = Ä
ÆÄ
Æ=
𝑠𝑖𝑛 λ, L, 𝑠𝑖𝑛 χ,
𝑠𝑖𝑛 λ, 𝑠𝑖𝑛 χ,

Eq. 41

In the above equation,
χ, = 90° − ϕ,

Eq. 42

Since we assume that there is only one set of parallel slip planes and slip can occur in
any direction along the slip plane, the highest value of the Schmid factor will occur when
λ = 90° − ϕ
Incremental shear strain 𝑑𝛾 is now:
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Eq. 43

−𝑑𝜆
−𝑑(90° − 𝜙)
𝑑𝛾 =
=
sin 𝜆, sin 𝜒,
sin(90° − 𝜙, ) sin(90° − 𝜙, )
dγ =

dϕ
(𝑐𝑜𝑠 ϕ, )!

Eq. 44

Or the change in orientation angle is related to the incremental shear strain by:
dϕ = (𝑐𝑜𝑠 ϕ, )! dγ

Eq. 45

The shear strain is going to depend on the resolved shear stress that is acting on the slip
plane. Therefore, the reorientation would be greater on the planes with higher resolved
shear stress. If
γ̇ = Cτ

Eq. 46

Where 𝛾̇ is the shear strain and 𝜏 is the resolved shear stress on the slip plane, then in
an increment of time Δ𝑡, the increment in shear strain will be
dγ = γ̇ dt

Eq. 47

dϕ = (𝑐𝑜𝑠 ϕ, )! Cτ𝑑t

Eq. 48

From Equations 45, 46, and 47

C is a material constant. From equation 8 we know 𝜏 = 𝑚𝜎, where 𝑚 is the Schmid
factor and 𝜎 is the applied stress
dϕ = (𝑐𝑜𝑠 ϕ, )! Cmσdt

Eq. 49

If the deformation occurs under constant stress, then the global average normal strain
rate 𝜀̇
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Eq. 50

ε̇ = Kσ
K is a constant. Then,
σ dt =

ε̇
dε
dt =
K
K

Eq. 51

Substituting Equation 51 into Equation 49,
𝑑𝜙 = (cos 𝜙, )! 𝐶𝑚

𝑑𝜀
𝐾

Where
m = 𝑐𝑜𝑠 ϕ 𝑐𝑜𝑠 λ ⟹ m = 𝑐𝑜𝑠 ϕ, 𝑐𝑜𝑠(90° − ϕ, ) ⟹ m
𝑠𝑖𝑛 2ϕ,
= 𝑐𝑜𝑠 ϕ, 𝑠𝑖𝑛 ϕ, ⟹ m =
2

Eq. 52

Then,
𝑑𝜙 = (cos 𝜙, )! 𝐶

sin 2𝜙, 𝑑𝜀
2
𝐾

dϕ = C$ (𝑐𝑜𝑠 ϕ, )! 𝑠𝑖𝑛 2ϕ, dε

Eq. 53

Where 𝐶$ is a constant.
To simulate the texture evolution in a Uniaxial condition, we consider 10,000 random
orientations which are uniformly distributed between 0° and 90° and apply Equation 53 to
predict the change in orientation angle as a function of the incremental strain. The change
in orientation angle is studied from a random orientation to orientation distribution at a
final strain of 𝜀 = 0.7, which is a 50% reduction in height.

50

Point to note: The rotation of the slip plane depends upon the shear strain on the slip
system, which in turn depends on the resolved shear stress. When the resolved shear stress
is low, i.e., low values of 𝑚, the shear strain will be small, and so will be the rotation of
the slip plane. In a layered polycrystalline material, each grain will try to rotate according
to equation 12. At the grain boundaries, the compatibility of deformation may require
additional slip systems to be available. In the absence of other slip systems, the grains
would likely fracture. In this study, as the first approximation, the fracture is ignored.
Figure 28 is used to determine the number of increments in which the strain increments
should reach a final strain of 𝜀 = 0.7

Determining the number of iterations
3500

Number of orientations

3000
2500
2000
1500
1000
500
0
1

10

100

Number of iterations (in log scale)
Figure 28: Determining the number of iterations
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1000

Hence the number of increments to reach a final strain of 𝜀 = 0.7, is 𝑁 = 35.
Figure 29 illustrates the histogram of uniform distribution of the 10,000 random
orientations between 0° and 90° . Each bin is of 2° size and the average of the initial random
orientations is about 222 for each bin.

Figure 29: Uniform distribution of the random orientations
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Change in orientation angle as a function of the initial orientation of slip plane normal
(𝜙, ) is plotted in Figure 30. The maximum change in angle is observed at 30° having a
𝑑𝜙"

maximum

−0.74.
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Figure 30: Change in slip plane normal as a function of initial orientation

Figure 31 shows the histograms of slip plane normal orientations at a final strain of 0.7.
The evolution of histograms from a strain of 0.1 to 0.6 can be seen in the appendix Figure
A1.
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90

Figure 31: Histograms of slip plane normal orientations at a final strain of 0.7

From the above figures, it is observed that the slip plane normal orients parallel to the
loading axis and the orientations in the range of 80° to 90° do not rotate and all the other
orientations move towards the loading axis which is 0°. At the final strain of 𝜀 = 0.7, the
number of orientations in the first bin is about 900 orientations, which is about 4 times the
average initial random orientations. Experimental results have shown that there is a 6-fold
deviation from random orientation.
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3.2. Orientation Evolution Matrix
In general, if the specimen and crystal coordinate systems are known, then the
orientation is defined as the orientation of the crystal coordinates with respect to the
specimen coordinate system and is represented as:
C/ = g ∙ CN

Eq. 54

Where 𝐶) and 𝐶O are the crystal and specimen coordinate systems respectively and 𝑔 is
the orientation matrix [50].
In a 2-dimensional or a 3-dimensional deformation, the slip plane normal will have
different orientations to the global and principal axes. An orientation matrix that relates
these orientations is developed by considering the incremental rotation of axes due to an
ç , orients itself with the three
incremental strain. Figure 32 illustrates how a vector 𝑁
coordinate axes 𝑋$ , 𝑋! and 𝑋" .
ç has an orientation of 𝜙$ , 𝜙! , and 𝜙" with 𝑋$ , 𝑋! and
From the figure, we can see that 𝑁
ç on the 𝑋$ − 𝑋! plane.
𝑋" respectively and 𝜃" is the angle made by the projection of 𝑁
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;
Figure 32: Orientation of unit vector 𝑁

In the cartesian coordinate system 𝑥$ , 𝑥! and 𝑥" can be expressed as:
x$ = 𝑐𝑜𝑠 ϕ$

Eq. 55

x! = 𝑐𝑜𝑠 ϕ!

Eq. 56

x" = 𝑐𝑜𝑠 ϕ"

Eq. 57

In the spherical coordinate system 𝑥$ , 𝑥! and 𝑥" can be expressed as:
x$ = 𝑐𝑜𝑠 θ" 𝑠𝑖𝑛 ϕ"

Eq. 58

x! = 𝑠𝑖𝑛 θ" 𝑠𝑖𝑛 ϕ"

Eq. 59

x" = 𝑐𝑜𝑠 ϕ"

Eq. 60
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Comparing Equations 55, 56, 58, and 59
x$
x!
θ" = 𝑐𝑜𝑠 +$ Ä
Æ = 𝑠𝑖𝑛+$ Ä
Æ
𝑠𝑖𝑛 ϕ"
𝑠𝑖𝑛 ϕ"

Eq. 61

x!
x"
θ$ = 𝑐𝑜𝑠 +$ Ä
Æ = 𝑠𝑖𝑛+$ Ä
Æ
𝑠𝑖𝑛 ϕ$
𝑠𝑖𝑛 ϕ$

Eq. 62

x"
x$
θ! = 𝑐𝑜𝑠 +$ Ä
Æ = 𝑠𝑖𝑛+$ Ä
Æ
𝑠𝑖𝑛 ϕ!
𝑠𝑖𝑛 ϕ!

Eq. 63

Similarly,

According to Equation 53, an incremental strain of 𝑑𝜀" in the 𝑋" direction causes
dϕ" = (𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" ∙ dε"

Eq. 64

In spherical coordinates, this will not cause a change in 𝜃" but in cartesian coordinates,
there will be a change in 𝜙$ and 𝜙! . From Equations 55 and 58
𝑥$ = cos 𝜙$ = cos 𝜃" sin 𝜙"
Differentiating on both sides,
− sin 𝜙$ 𝑑𝜙$ = cos 𝜃" cos 𝜙" 𝑑𝜙"
⟹ dϕ$ = −

𝑐𝑜𝑠 θ" 𝑐𝑜𝑠 ϕ"
dϕ"
𝑠𝑖𝑛 ϕ$

Eq. 65

Substituting Equation 64 into Equation 65
⟹ dϕ$ = −

𝑐𝑜𝑠 θ" 𝑐𝑜𝑠 ϕ"
(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" ∙ dε"
𝑠𝑖𝑛 ϕ$

Similarly, from Equations 56 and 59,
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Eq. 66

𝑥! = cos 𝜙! = sin 𝜃" sin 𝜙"
⟹ dϕ! = −

𝑠𝑖𝑛 θ" 𝑐𝑜𝑠 ϕ"
(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" ∙ dε"
𝑠𝑖𝑛 ϕ!

Eq. 67

An incremental strain of 𝑑𝜀$ in the 𝑋$ direction causes
dϕ$ = (𝑐𝑜𝑠 ϕ$ )! 𝑠𝑖𝑛 2ϕ$ ∙ dε$

Eq. 68

Expressing 𝑑𝜙! and 𝑑𝜙" in terms of 𝑑𝜀$ based on a similar approach for Equations 66
and 67,
dϕ! = −

𝑐𝑜𝑠 θ$ 𝑐𝑜𝑠 ϕ$
(𝑐𝑜𝑠 ϕ$ )! 𝑠𝑖𝑛 2ϕ$ ∙ dε$
𝑠𝑖𝑛 ϕ!

dϕ" = −

𝑠𝑖𝑛 θ$ 𝑐𝑜𝑠 ϕ$
(𝑐𝑜𝑠 ϕ$ )! 𝑠𝑖𝑛 2ϕ$ ∙ dε$
𝑠𝑖𝑛 ϕ"

Eq. 69

Eq. 70

Finally, an incremental strain of 𝑑𝜀! in the 𝑋! direction causes
dϕ! = (𝑐𝑜𝑠 ϕ! )! 𝑠𝑖𝑛 2ϕ! ∙ dε!

Eq. 71

Expressing 𝑑𝜙" and 𝑑𝜙$ in terms of 𝑑𝜀! based on a similar approach for Equations 66
and 67,
dϕ" = −

𝑐𝑜𝑠 θ! 𝑐𝑜𝑠 ϕ!
(𝑐𝑜𝑠 ϕ! )! 𝑠𝑖𝑛 2ϕ! ∙ dε!
𝑠𝑖𝑛 ϕ"

dϕ$ = −

𝑠𝑖𝑛 θ! 𝑐𝑜𝑠 ϕ!
(𝑐𝑜𝑠 ϕ! )! 𝑠𝑖𝑛 2ϕ! ∙ dε!
𝑠𝑖𝑛 ϕ$

Eq. 72

Eq. 73

Hence from Equations 64 to 73, the Orientation Evolution Matrix 𝐹 can be expressed
as:
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𝐹
⎡
(cos 𝜙$ )! sin 2𝜙$
⎢
⎢ cos 𝜃$ (cos 𝜙$ )" sin 2𝜙$
= ⎢−
sin 𝜙!
⎢
"
⎢ − sin 𝜃$ (cos 𝜙$ ) sin 2𝜙$
⎣
sin 𝜙"

sin 𝜃! (cos 𝜙! )" sin 2𝜙!
−
sin 𝜙$
(cos 𝜙! )! sin 2𝜙!
−

cos 𝜃! (cos 𝜙! )" sin 2𝜙!
sin 𝜙"

cos 𝜃" (cos 𝜙" )" sin 2𝜙"
⎤
−
sin 𝜙$
⎥
sin 𝜃" (cos 𝜙" )" sin 2𝜙" ⎥
−
⎥
sin 𝜙!
⎥
⎥
!
(cos 𝜙" ) sin 2𝜙"
⎦
Eq. 74

The relation between the incremental slip plane orientation, orientation evolution matrix,
and the incremental strain is given as:
dϕ = F ∙ dε

Eq. 75

dϕ$
dϕ = µdϕ! ¶
dϕ"

Eq. 76

dε$
dε = µdε! ¶
dε"

Eq. 77

where

and

The orientation evolution matrix F will be used to determine the incremental rotations
of the slip plane normal at each strain increment.
3.3. Plane Strain Compression (𝝓𝟏 𝒂𝒏𝒅 𝝓𝟑 )
To simulate the evolution of texture in a plane strain compression, 𝜙" angle is chosen
to be random and uniformly distributed between 0° and 90° and
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ϕ$ = 90° − ϕ"

Eq. 78

The compression direction is 𝑋" and the incremental strain along the 𝑋! and 𝑋$
directions are:
dε! = 0

Eq. 79

dε$ = −dε"

Eq. 80

Figures 33 and 34 show the initial random distributions of 𝜙$ , and 𝜙" respectively.

Figure 33: Uniform random distribution of 𝜙*
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Figure 34: Uniform random distribution of 𝜙"

Since it is a plane-strain compression, the angles 𝜙! and 𝜃! are not considered and
θ$ = 90°

Eq. 81

x$ = 𝑐𝑜𝑠 ϕ$ = 𝑐𝑜𝑠 θ" 𝑠𝑖𝑛 ϕ"

Eq. 82

From Equations 55 and 58

Substituting Equation 78 into Equation 82
⟹ cos(90° − 𝜙" ) = cos 𝜃" sin 𝜙"
⟹ sin 𝜙" = cos 𝜃" sin 𝜙"
⟹ cos 𝜃" = 1
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Eq. 83

∴ θ" = 0°

The orientation evolution matrix 𝐹 is reduced to a 2 × 2 matrix. The reduced 𝐹 matrix
is:
⎡
(𝑐𝑜𝑠 ϕ$ )! 𝑠𝑖𝑛 2ϕ$
⎢
F= ⎢
(𝑐𝑜𝑠 ϕ$ )" 𝑠𝑖𝑛 2ϕ$
⎢− 𝑠𝑖𝑛 θ$
⎣
𝑠𝑖𝑛 ϕ"

−

𝑐𝑜𝑠 θ" (𝑐𝑜𝑠 ϕ" )" 𝑠𝑖𝑛 2ϕ"
⎤
𝑠𝑖𝑛 ϕ$
⎥
⎥
⎥
(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ"
⎦

Eq.
84

Substituting Equations 78, 81, and 83 into Equation 82
⎡
(cos(90° − 𝜙" ))! sin 2(90° − 𝜙" )
⎢
𝐹= ⎢
(cos(90° − 𝜙" ))" sin 2(90° − 𝜙" )
⎢− sin 90°
⎣
sin 𝜙"
∴F= ì

(𝑠𝑖𝑛 ϕ" )! 𝑠𝑖𝑛 2ϕ"
−(𝑠𝑖𝑛 ϕ" )! 𝑠𝑖𝑛 2ϕ"

cos 0° (cos 𝜙" )" sin 2𝜙"
⎤
−
sin(90° − 𝜙" )
⎥
⎥
⎥
(cos 𝜙" )! sin 2𝜙"
⎦

−(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ"
í
(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ"

Eq. 85

From Equation 75
(𝑠𝑖𝑛 ϕ" )! 𝑠𝑖𝑛 2ϕ"
dϕ$
ì
í=ì
dϕ"
−(𝑠𝑖𝑛 ϕ" )! 𝑠𝑖𝑛 2ϕ"

−(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" −dε"
íì
í
dε"
(𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ"

Eq.
86

The change in orientation of the slip plane normal angle can be expressed as:
𝑑𝜙" = −(sin 𝜙" )! sin 2𝜙" × −𝑑𝜀" + (cos 𝜙" )! sin 2𝜙" × 𝑑𝜀"
⟹ dϕ" = 𝑠𝑖𝑛 2ϕ" ∙ dε"

Eq. 87

Change in orientation angle as a function of the initial orientation of the slip plane
normal for 𝜙" is plotted in Figure 36. The maximum change in angle is observed at 45°
having a maximum 𝑑𝜙" of −1.14.
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Figure 35: Change in slip plane normal as a function of initial orientation in Plane Strain

Figures 36 and 37 show the evolution of 𝜙" and 𝜙$ in histograms at a final strain of
0.7.

63

Figure 36: Histogram of 𝜙" at a final strain of 0.7 in plane strain

Figure 37: Histogram of 𝜙* at a final strain of 0.7 in plane strain

From the above figures, it is observed that 𝜙" orients parallel to the loading axis and
the orientations at a final strain of 𝜀 = 0.7, the number of orientations in the first bin is at
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about 1000 orientations, which is about 5 times the average initial random orientations and
the orientations in the range of 80° to 90° are reduced from 210 in the initial configuration
to 75 at the final strain. The evolution of histograms for 𝜙" and 𝜙$ in plane strain condition
from a strain of 0.1 to 0.6 can be seen in the appendix Figures A2 and A3, respectively.
3.4. Plane Strain Compression (𝝓𝟏 , 𝝓𝟐 , 𝒂𝒏𝒅 𝝓𝟑 )
In section 3.3, we have seen the texture evolution in a plane strain case with only two
orientations of the slip plane normal and two slip directions which are 𝜙$ , 𝜙" , 𝜃$ , and 𝜃" .
In this section, we investigate the evolution of texture in plane strain condition using all
the three orientations of slip plane normal and three slip directions.
Before investigating the evolution of texture, representing general random orientations
on 3 dimensions as shown in Figure 32 is discussed. The following discussion is based on
[51]:
It is incorrect to generate a random point on the surface of a unit sphere by selecting
the spherical angles 𝜃 and 𝜙 as uniform distributions where 𝜃 ∈ [0, 2𝜋) and 𝜙 ∈ [0, 𝜋].
The area element as a function of 𝜙 is expressed as:
d𝛺 = 𝑠𝑖𝑛 ϕ dθ dϕ

Eq. 88

As a result, choosing random points this way would result in a higher concentration of
points near the poles. Figure 38 illustrates the concentration of random points generated
using this approach.
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Figure 38: Incorrectly distributed points

To obtain points such that any small area of the sphere has the same number of points,
the following approach is to be followed:
Choose random variables 𝑈 and 𝑉 such that they are distributed between (0, 1). Then
the spherical angles are:
θ=2πU

Eq. 89

ϕ = 𝑐𝑜𝑠 +$ (2 V − 1)

Eq. 90

Figure 39 shows the correctly distributed points along the surface of a unit sphere.
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Figure 39: Correctly distributed points

To study the evolution of texture in a plane strain condition involving all the three-slip
plane normal and slip direction orientations, we use equations 89 and 90 to generate the
initial distributions of 𝜙" and 𝜃" .
From Equation 82
cos 𝜙$ = cos 𝜃" sin 𝜙"
⟹ ϕ$ = 𝑐𝑜𝑠 +$ (𝑐𝑜𝑠 θ" 𝑠𝑖𝑛 ϕ" )
Similarly, from Equations 56 and 59,
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Eq. 91

cos 𝜙! = sin 𝜃" sin 𝜙"
⟹ ϕ! = 𝑐𝑜𝑠 +$ (𝑠𝑖𝑛 θ" 𝑠𝑖𝑛 ϕ" )

Eq. 92

From Equations 61, 62, and 63:
θ$ = 𝑐𝑜𝑠 +$ Ä

𝑐𝑜𝑠 ϕ!
Æ
𝑠𝑖𝑛 ϕ$

𝑐𝑜𝑠 ϕ"
θ! = 𝑐𝑜𝑠 +$ Ä
Æ
𝑠𝑖𝑛 ϕ!
𝑐𝑜𝑠 ϕ$
θ" = 𝑐𝑜𝑠 +$ Ä
Æ
𝑠𝑖𝑛 ϕ"

Eq. 93

Eq. 94

Eq. 95

Figure 40 shows the initial distributions of 𝜙$ , 𝜙! , 𝜙" , 𝜃$ , 𝜃! , and 𝜃" . From the figure,
we see that slip plane normal orientations have a sin function distribution as seen in
Equation 88, whereas the slip directions are uniformly distributed. The slip plane normal
orientations 𝜙$ , 𝜙! and 𝜙" can be normalized by dividing the value of the bins with the
sine of the mid-point of the bins which would result in a uniform distribution. Figure 41
shows the histograms of the slip plane normal along with the normalized slip plane normal
orientations. In [51], the angles 𝜃 and 𝜙 are distributed between [0, 2𝜋) and [0, 𝜋]
respectively. For the ease of representation, in our study we distribute both the angles 𝜃
Q

and 𝜙 in the range of [0, ! ð.
The compression direction is 𝑋" and the incremental strain along the 𝑋! and 𝑋$
directions are:
dε! = 0
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Eq. 96

dε$ = −dε"

Figure 40: Histograms of random orientations of 𝜙! , 𝜙" , 𝜙# , 𝜃! , 𝜃" , and 𝜃#
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Eq. 97

70
plots
Figure 41: Histogram of random slip plane normal orientations and corresponding normalized scatter
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From Equation 75
dϕ$
−dε"
µdϕ! ¶ = F ∙ µ 0 ¶
dε"
dϕ"

Eq. 98

The orientation evolution matrix 𝐹 would be a 3 × 3 matrix and is the same as shown
in Equation 74.
𝐹
⎡
(cos 𝜙$ )! sin 2𝜙$
⎢
⎢ cos 𝜃$ (cos 𝜙$ )" sin 2𝜙$
= ⎢−
sin 𝜙!
⎢
"
⎢ − sin 𝜃$ (cos 𝜙$ ) sin 2𝜙$
⎣
sin 𝜙"

sin 𝜃! (cos 𝜙! )" sin 2𝜙!
−
sin 𝜙$
(cos 𝜙! )! sin 2𝜙!
−

cos 𝜃! (cos 𝜙! )" sin 2𝜙!
sin 𝜙"

cos 𝜃" (cos 𝜙" )" sin 2𝜙"
⎤
−
sin 𝜙$
⎥
sin 𝜃" (cos 𝜙" )" sin 2𝜙" ⎥
−
⎥
sin 𝜙!
⎥
⎥
!
(cos 𝜙" ) sin 2𝜙"
⎦

The individual incremental slip plane normal orientations can be expressed as:
dϕ$ = Ä−(𝑐𝑜𝑠 ϕ$ )! 𝑠𝑖𝑛 2ϕ$ −

dϕ! = Ä

Eq. 99

𝑐𝑜𝑠 θ$
(𝑐𝑜𝑠 ϕ$ )" 𝑠𝑖𝑛 2ϕ$
𝑠𝑖𝑛 ϕ!
−

dϕ" = Ä

𝑐𝑜𝑠 θ"
(𝑐𝑜𝑠 ϕ" )" 𝑠𝑖𝑛 2ϕ" Æ dε"
𝑠𝑖𝑛 ϕ$

𝑠𝑖𝑛 θ"
(𝑐𝑜𝑠 ϕ" )" 𝑠𝑖𝑛 2ϕ" Æ dε"
𝑠𝑖𝑛 ϕ!

𝑠𝑖𝑛 θ$
(𝑐𝑜𝑠 ϕ$ )" 𝑠𝑖𝑛 2ϕ$ + (𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" Æ dε"
𝑠𝑖𝑛 ϕ"
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Eq. 100

Eq. 101

Change in orientation angle as a function of the initial orientation of the slip plane
normal for 𝜙" is plotted in Figure 42.
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Figure 42: Change in slip plane normal as a function of initial orientation for 𝜙" in plane strain condition

A scatter in the data can be observed which can be related to Equation 101, if 𝜙$ =
90° 𝑜𝑟 0° then cos 𝜙$ 𝑜𝑟 sin 2𝜙$ = 0 ⟹ 𝑑𝜙" = (cos 𝜙" )! sin 2𝜙" 𝑑𝜀" and the curve
follows the upper bound which is Figure 30.
If 𝜙! = 90° ⟹ 𝜙$ = 90° − 𝜙" and 𝜃$ = 90° ⟹ 𝑑𝜙" = sin 2𝜙" 𝑑𝜀" , the curve
follows a lower bound which is Figure 35. For any other values of 𝜙$ and 𝜙! a scatter in
the data is observed.
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90

Figure 43 shows the evolution of slip plane normal and slip direction orientations at a
final strain of 0.7.

Figure 43: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.7
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Figures A4 to A9 in Appendix A show the evolution of slip plane normal and slip
direction from a strain of 0.1 to 0.6. From the above figure, at a final strain of 𝜀 = 0.7, it
is observed that 𝜙" orients parallel to the loading axis whereas 𝜙$ and 𝜙! tend to orient
perpendicular to the loading axis. 𝜙" will have a maximum orientation in the 6 − 8° bin
with a concentration of 420 orientations, which is a 10-fold increase from the initial
concentration.
Figures 44 and 45 show the distribution of the different orientations as a scatter of
points. Since the compression direction is 𝑋" , we see that the orientations tend to move
towards the center in the 𝑋$ − 𝑋! plane and towards the 𝑋" axes in the 𝑋! − 𝑋" and 𝑋" −
𝑋$ planes. Figures A10 to A15 in Appendix A show the scatter of orientations from a strain
of 0.1 to 0.6.

Figure 44: Scatter of random orientations

Figure 45: Scatter of orientations at a strain of 0.7
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3.5. Axisymmetric Compression
Texture development in axisymmetric condition follows the same approach that was
employed in section 3.4. The difference being the incremental strains along the 𝑋$ and 𝑋!
directions.
1
dε$ = dε! = − dε"
2

Eq. 102

Figure 46 shows the initial distributions of 𝜙$ , 𝜙! , 𝜙" , 𝜃$ , 𝜃! , and 𝜃" and the distribution
of the initial orientations is similar to the initial distribution as seen in Figure 40.
Applying Equation 102 to Equation 75,
1
⎡−
dε" ⎤
dϕ$
⎢ 2
⎥
µdϕ! ¶ = F ∙ ⎢ 1
− dε ⎥
dϕ"
⎢ 2 "⎥
⎣ dε" ⎦

Eq. 103

In the above equation, F is the same orientation evolution matrix as seen in Equation
74
𝐹
⎡
(cos 𝜙$ )! sin 2𝜙$
⎢
⎢ cos 𝜃$ (cos 𝜙$ )" sin 2𝜙$
= ⎢−
sin 𝜙!
⎢
"
⎢ − sin 𝜃$ (cos 𝜙$ ) sin 2𝜙$
⎣
sin 𝜙"

sin 𝜃! (cos 𝜙! )" sin 2𝜙!
−
sin 𝜙$
(cos 𝜙! )! sin 2𝜙!
−

cos 𝜃! (cos 𝜙! )" sin 2𝜙!
sin 𝜙"

cos 𝜃" (cos 𝜙" )" sin 2𝜙"
⎤
−
sin 𝜙$
⎥
sin 𝜃" (cos 𝜙" )" sin 2𝜙" ⎥
−
⎥
sin 𝜙!
⎥
⎥
!
(cos 𝜙" ) sin 2𝜙"
⎦

The incremental slip plane normal orientations in the 𝑋" direction can be expressed as:
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dϕ" = Ä

𝑠𝑖𝑛 θ$
(𝑐𝑜𝑠 ϕ$ )" 𝑠𝑖𝑛(2ϕ$ )
2 𝑠𝑖𝑛 ϕ"
𝑐𝑜𝑠 θ!
(𝑐𝑜𝑠 ϕ! )" 𝑠𝑖𝑛(2ϕ! )
+
2 𝑠𝑖𝑛 ϕ"

Eq.
104

+ (𝑐𝑜𝑠 ϕ" )! 𝑠𝑖𝑛 2ϕ" Æ dϵ"
Change in orientation angle as a function of the initial orientation of the slip plane
normal for 𝜙" is plotted in Figure 47.
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Figure 46: Random orientation of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" in axisymmetric condition
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Figure 47: Change in slip plane normal as a function of initial orientation for 𝜙" in axisymmetric
condition

A scatter in the data can be observed in the above figure, which can be related to
Equation 104.
$

$

If 𝜙$ = 90° 𝑜𝑟 𝜙! = 90° ⟹ 𝑑𝜙" = ò! sin 2𝜙" + ! (cos 𝜙" )! sin 2𝜙" ó 𝑑𝜀" and the
curve follows a lower bound. For any other values of 𝜙$ and 𝜙! the curve follows the upper
bound.
Figure 48 shows the evolution of slip plane normal and slip direction orientations at a
final strain of 0.7.
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Figure 48: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.7 in axisymmetric condition
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From the above figures, at a final strain of 𝜀 = 0.7 it is observed that 𝜙" orients parallel
to the loading axis whereas 𝜙$ and 𝜙! tend to orient perpendicular to the loading axis and
have similar distributions. 𝜙" will have a maximum orientation in the 6 − 10° bin with a
concentration of 400 orientations, which is a 9.5-fold increase from the initial
concentration. Figures A16 to A21 in Appendix A show the evolution of slip plane normal
and slip direction from a strain of 0.1 to 0.6
Figures 49 and 50 show the distribution of the different orientations as a scatter of
points. Since the compression direction is 𝑋" , we see that the orientations tend to move
towards the center in the 𝑋$ − 𝑋! plane and towards the 𝑋" axes in the 𝑋! − 𝑋" and 𝑋" −
𝑋$ planes and the scatter along the 2 two planes look similar. Figures A22 to A27 in
Appendix A show the scatter of orientations from a strain of 0.1 to 0.6.

Figure 49: Scatter plots of random orientations in axisymmetric condition

Figure 50: Scatter plot of orientations at a strain of 0.7 in axisymmetric condition
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The next chapter focuses on applying the orientation evolution matrix to predict the
texture evolution on other types of deformation and compares the available experimental
results by Srinivasan et al [17].
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Chapter 4
Results and Discussion
In the previous section, the OEM was developed and tested on simple cases such as
plane strain compression and axisymmetric compression. In this section, we will
investigate the application of OEM matrix to more complex deformation modes and
observe the effect of incremental strain on the overall texture of the material which is based
on the experimental work done by Srinivasan et al [17], extruded n-type 𝐵𝑖! 𝑇𝑒" rods were
obtained from Marlow Industries. Figure 51 shows a typical microstructure taken at the
center of cross section and perpendicular to the extrusion direction. The microstructure
shows roughly equiaxed grains of about 4 𝜇𝑚 and many voids and pores.

4 µm

Figure 51: SEM image of the as-received extruded 𝐵𝑖! 𝑇𝑒" rod [17]
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4.1. Extrusion
To study the evolution of texture in an extruded material a circular disk is considered,
and 4 different locations as shown in Figure 52 were chosen along the diameter ranging
from the center of the sample towards the edge. Variation of texture from the center of the
sample to the edge (closer to the die) was studied.

Figure 52: Locations on the extruded rod where the texture analysis was performed

In the experimental work done by Srinivasan et al [17], EBSD texture plots of the asreceived extruded rods are shown in Figure 53, which indicates that at the center of the
cross-section, [0001] direction is oriented uniformly in all directions perpendicular to the
extrusion direction and the closed packed ⟨11290⟩ are aligned in the extrusion direction.
Moving from the center to the edge of the sample, the maximum in the EBSD pole figure
(red color) increases from 3.89 to 7 which indicates texture is dependent on the die contact.
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Figure 53: EBSD texture plots for the as-received extruded 𝐵𝑖! 𝑇𝑒" rod [17]

To study the texture evolution in a 3D extrusion process, a finite element study was
done using Simufact. Forming [52] to simulate the extrusion experimental condition.
Figure 54 shows the schematic model of the extrusion process.

Figure 54: Schematic of finite element analysis model for Extrusion
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Dimensions of the dies, punch, and workpiece used in the FE model are shown in Table
5 below.
Table 5: Dimensions of parts used in extrusion simulation

Part

Dimension

Workpiece

49.6 mm ∅ X 90 mm

Punch

49.6 mm ∅ X 20 mm

Die

~110 mm ∅ X 186 mm

Elastic and plastic properties of the non-work hardening specimen are given in Table
6.
Table 6: Properties of the non – work hardening specimen

Property

Non – Work Hardening Material

Young’s modulus (MPa)

7240

Poisson’s ratio

0.33

kg
Density ò jm" ó

2790

Thermal Conductivity iWjmKk

198

Specific heat òJjg. Kó

0.88

Coefficient of thermal expansion (K +$ )

2.36e − 5
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Figure 55 shows the distribution of plastic strain across the workpiece and it can be
seen that the strain distribution is not uniform across the sample.

Figure 55: Distribution of plastic strain across the workpiece

The finite element simulation would give us the strain tensor components for small
strain increments, in which the cartesian components of the strain tensor are given as:

ε45 =

1 ∂u4 ∂u5
ú
+
û
2 ∂x5 ∂x5

where 𝑖 and 𝑗 vary from 1 to 3.
Strain tensor in a matrix form can be written as:
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Eq. 105

ε$$
µε!$
ε"$

ε$!
ε!!
ε"!

ε$"
ε!" ¶
ε""

∂u$
⎡
∂x$
⎢
⎢1 ∂u! ∂u$
=⎢ Ä
+
Æ
2 ∂x$ ∂x!
⎢
⎢1 Ä∂u" + ∂u$ Æ
⎣2 ∂x$ ∂x"

1 ∂u$ ∂u!
+
Ä
Æ
2 ∂x! ∂x$
∂u!
∂x!
1 ∂u" ∂u!
Ä
+
Æ
2 ∂x! ∂x"

1 ∂u$ ∂u"
+
Ä
Æ⎤
2 ∂x" ∂x$ ⎥
1 ∂u! ∂u" ⎥
+
Ä
Æ
2 ∂x" ∂x! ⎥
⎥
∂u"
⎥
∂x"
⎦

Eq.
106

The strain tensor matrix is symmetric.
In section 3, the incremental strains along 𝑋$ and 𝑋! directions were related to 𝑋" . Now
the compression direction is 𝑋" and the incremental strains are represented as:
dε$
dε = µdε! ¶
dε"

Eq. 107

which is the same as equation 77. Figure 56 shows the initial distributions of 𝜙$ , 𝜙! ,
and 𝜙" at location (𝑎), and the distribution of the initial orientations is similar to the initial
distribution as seen in Figure 40.
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Histograms in degrees of Phi - Random Orientation – Extrusion 3D

Figure 56: Random orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at location (𝑎) in Extrusion 3D
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Figure 57 shows the distribution of slip plane normal angles at a strain of 0.71 for
location (𝑎) and it can be observed that 𝜙" orients perpendicular to the loading axis
whereas 𝜙$ and 𝜙! tend to orient parallel to the loading axis and have similar distributions.
𝜙" will have a maximum orientation in the 70 − 90° bin with a concentration of 1500
orientations, which is a 1.5-fold increase from the initial concentration. Figures A28 to A33
in Appendix A show the evolution of slip plane normal from a strain of 0.1 to 0.6 in
Extrusion 3D for location (𝑎).
Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.71

Figure 57: Histograms of𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at location (𝑎) as at a strain of 0.7 in Extrusion 3D

Figure 58 shows the distribution of different orientations as a scatter and contour of
points. The initial distribution of orientations is chosen random before the extrusion
process.
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Figure 58: Scatter and contour plot of orientation at the start of Extrusion in 3D

Figure 59 shows the distribution of orientations as a scatter and contour plot for location
(a) and is compared to the experimental EBSD texture plot.
Note: The scale in the contour plots is non-linear and follows the same approach as
used in the experimental results.

Figure 59: Scatter and Contour plot of orientation at location (𝑎) at the end of Extrusion

From Figure 59 it can be seen that the orientations move towards the circumference
and the contour plot can be related to the experimental pole figure as shown in Figure 53.
Figures A34 to A39 in Appendix A show the scatter and contour plot of orientation from a
strain of 0.1 to 0.6 in Extrusion 3D for location (𝑎).
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For the location (𝑑), the distribution of the initial orientations is similar to the initial
distribution as seen in Figure 56. Figure 60 shows the distribution of slip plane normal
angles at a strain of 0.74 for location (𝑑) and it can be observed that 𝜙" orients
perpendicular to the loading axis whereas 𝜙$ and 𝜙! tend to orient parallel to the loading
axis and have similar distributions. 𝜙" will have a maximum orientation in the 70 − 90°
bin with a concentration of 1500 orientations, which is a 1.5-fold increase from the initial
concentration. Figures A40 to A45 in Appendix A show the evolution of slip plane normal
from a strain of 0.1 to 0.6 in Extrusion 3D for location (𝑑).
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Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.74

Figure 60: Histograms of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at location (𝑑) at a strain of 0.74 in Extrusion 3D
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Figure 61 shows the distribution of orientations as a scatter and contour plot for location
(𝑑) along with the experimental EBSD texture plots. Figures A46 to A51 in Appendix A
show the scatter and contour plot of orientation from a strain of 0.1 to 0.6 in Extrusion 3D
for location (𝑑).

Figure 61: Scatter and Contour plot of orientation at location (𝑑) at the end of Extrusion

4.2. Ball mill + Spark Plasma Sintering (BM + SPS)
In the experimental work done by Srinivasan et al [17], the as-received extruded rods
were broken into small pieces and were placed along with hardened steel balls in a grinding
mill for 2 hours and were later consolidated by spark plasma sintering. The resulting texture
as seen from the EBSD pole figure corresponds to an untextured material and Figure 62
shows the EBSD texture plot. The maximum in the texture is at red and is at 1.97
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Figure 62: EBSD texture plot for BM + SPS sample [17]

Figure 63 shows the distributions of 𝜙$ , 𝜙! , and 𝜙" in BM + SPS condition, and the
distribution of the orientations is similar to the initial distribution as seen in Figure 40.
Histograms in degrees of Phi - BM + SPS

Figure 63: Histograms of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" in BM + SPS condition

Figure 64 shows the distribution of orientations as a scatter and contour plot for BM +
SPS condition.
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Figure 64: Scatter and Contour plot of orientation in BM + SPS condition

4.3. Ball mill + Spark Plasma Sintering + Sandwich Rolling (BM + SPS + SR)
Figure 65 shows the EBSD texture plot in the BM + SPS + SR condition. Compared to
the sintered BM + SPS material, the rolled material is highly textured and [0001] axis is
oriented perpendicular to the rolling plane, and the closed packed 〈11290〉 direction is
uniformly distributed along the rolling plane.

Figure 65: EBSD texture plot in BM + SPS + SR sample [17]
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Figure 66 shows the orientations of slip plane normal angles at the end of BM + SPS +
SR condition and it is observed that 𝜙" orients parallel to the loading axis whereas 𝜙$ and
𝜙! orient perpendicular to the loading axis. The maximum concentration of 𝜙" is in the
4 − 8° bin with a concentration of 1475 orientations, which is a 14-fold increase from the
initial concentrations as seen in Figure 63. Figures A52 to A60 in Appendix A show the
evolution of slip plane normal from a strain of 0.1 to 0.9 in BM + SPS + SR condition.
Histograms in degrees of Phi - BM + SPS + SR – Strain 1.0300

Figure 66: Histograms of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the end of BM + SPS + SR condition

Figure 67 shows the distribution of orientations as a scatter and contour plot at the end
of BM + SPS + SR condition along with the experimental EBSD texture plot. Figures A61
to A69 in Appendix A show the scatter and contour plot of orientation from a strain of 0.1
to 0.9 in BM + SPS + SR condition.

Figure 67: Scatter and contour plot of orientation at the end of BM + SPS + SR condition
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4.4. Extrusion + Channel Die Compression (E + CD)
As – received extruded rods are subjected to channel die compression and a variation
of strain is seen from the center to the edge of the sample. Figure 68 shows the schematic
of channel die compression and the sample after channel die compression.

Figure 68: Channel die compression: schematic and sample after deformation [17]

From Figure 68, it is observed that after plane strain die compression of the circular
pallet results in a deformed shape that looks like a “running track”. EBSD data was
collected along the locations indicated by black squares. Figures 69 and 70 show a FE
model and effective strain distribution on the cross-section during channel die compression
using the finite element package simufact. forming [52] respectively.
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Figure 69: FE model of channel die compression

Figure 70: Effective strain distribution on the cross-section during channel die compression

Dimensions of the dies, and workpiece used in the FE model are shown in Table 7
below.

98

Table 7: Dimensions of parts used in extrusion simulation

Part

Dimension

Workpiece

50 mm ∅ X 10 mm

Dies

75 mm X 50 mm X 10 mm

A maximum effective strain of about 1.1 is seen at the center of the sample and
decreases towards the die. The texture that develops in the deformed sample and the effect
of strain is shown in Figure 71.

Figure 71: Effect of strain on the texture during channel die compression [17]

To study the effect of texture on the proximity to the die and the dependence of texture
on the effective strain, two different locations were considered as shown in Figure 68. Since
the channel die compression is carried out on the as-received extruded rods, the initial
orientations would be the final orientations of the extrusion process. Table 8 shows the

99

points in the extrusion process and the corresponding points in the channel die
compression.
Table 8: Corresponding points in extrusion and channel die compression

Point in Channel die
Point in Extrusion
compression
Case 1

(a)

(a)

Case 2

(d)

(b)

In case 1 we considered the point (𝑎) of extrusion and (𝑎) of channel die compression.
The initial distribution of the slip plane normal orientation can be seen in Figure 72 which
is similar to the random orientation as seen in Figure 56.

Figure 72: Initial orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the start of Extrusion in 3D at location (𝑎)

By the end of the extrusion process, it can be observed that 𝜙" orients perpendicular to
the loading axis whereas 𝜙$ and 𝜙! tend to orient parallel to the loading axis and have
similar distributions. Figure 73 shows the orientation of 𝜙$ , 𝜙! , and 𝜙" at end of the
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extrusion. Figures A28 to A33 in Appendix A show the evolution of slip plane normal from
a strain of 0.1 to 0.6 in Extrusion 3D for location (𝑎).

Figure 73: orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the end of Extrusion in 3D at location (𝑎)

Figure 74 shows the distribution of different orientations as a scatter and contour of
points. Figure 74 is similar to Figure 58.

Figure 74: Scatter and contour plot of orientation at the start of Extrusion in 3D at location (𝑎)

Figure 75 shows the distribution of orientations as a scatter and contour plot at end of
the extrusion process. Figures A34 to A39 in Appendix A show the scatter and contour plot
of orientation from a strain of 0.1 to 0.6 in Extrusion 3D for location (𝑎).
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Figure 75: Scatter and Contour plot of orientation at the end of Extrusion in 3D at location (𝑎)

As seen in section 4.1, 𝑋" is the compression direction in the extrusion process, whereas
in the E + CD condition the as – received extruded rod is compressed perpendicular to the
extrusion direction and hence a change of axes is performed. Table 9 and Figure 76 show
the change of axes from extrusion to channel die compression.
Table 9: Change of axes from extrusion to channel die compression

Extrusion

Channel Die Compression

X$

X"

X!

X$

X"

X!
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Figure 76: Change of axes from extrusion to channel die compression

The initial distribution of the slip plane normal orientation at the start of channel die

Initial Orientation of phi1 in Channel Die Compression

Initial Orientation of phi2 in Channel Die Compression

Initial Orientation of phi3 in Channel Die Compression

compression is seen in Figure 77.

Figure 77: Orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the start of channel die compression at location (𝑎)
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Figure 78 shows the distribution of slip plane normal angles at the end of channel die
compression and it can be observed that 𝜙$ orients perpendicular to the loading axis
whereas 𝜙! and 𝜙" tend to orient parallel to the loading axis. 𝜙" will have a maximum
orientation in the 85 − 90° bin with a concentration of 2800 orientations, which is about a
3-fold increase from the initial concentration. Figures A70 to A78 in Appendix A show the
evolution of slip plane normal from a strain of 0.1 to 0.9 in channel die compression for
location (𝑎).

Figure 78: Orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the end of channel die compression at location (𝑎)

Figure 79 shows the distribution of orientations as a scatter and contour of points at the
start of channel die compression for location (𝑎).
Initial Scatter on X3 – X1 Plane in Channel Die Compression

Figure 79: Scatter and contour plot of orientation at the start of channel die compression at location (𝑎)
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Figure 80 shows the distribution of orientations as a scatter and contour plot at the end
of channel die compression for point (𝑎) along with experimental EBSD texture plots.
Figures A79 to A87 in Appendix A show the scatter and contour plot of orientation from a
strain of 0.1 to 0.9 in channel die compression for location (𝑎).

Figure 80: Scatter and Contour plot of orientation at the end of channel die compression at location (𝑎)

In case 2 we considered the point (𝑑) of extrusion and (𝑏) of channel die compression.
The initial distribution of the slip plane normal orientation is similar to the random
orientation as seen in Figure 56.
By the end of the extrusion process, it can be observed that 𝜙" orients perpendicular to
the loading axis whereas 𝜙$ and 𝜙! tend to orient parallel to the loading axis and have
similar distributions. Figure 81 shows the orientation of 𝜙$ , 𝜙! , and 𝜙" at end of the
extrusion. Figures A40 to A45 in Appendix A show the evolution of slip plane normal from
a strain of 0.1 to 0.6 in Extrusion 3D for location (𝑑).
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Figure 81: orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the end of extrusion (point (𝑑))

Figure 82 shows the distribution of orientations as a scatter and contour plot at end of
the extrusion process.

Figure 82: Scatter and Contour plot of orientation at the end of Extrusion

The initial distribution of the slip plane normal orientation at the start of channel die
compression for location (𝑏) is seen in Figure 83.
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Initial Orientation of phi3 in Channel Die Compression
Initial Orientation of phi2 in Channel Die Compression
Initial Orientation of phi1 in Channel Die Compression

Figure 83: Orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the start of channel die compression

Figure 84 shows the distribution of slip plane normal angles at the end of channel die
compression at the location (𝑏) and it can be observed that 𝜙$ orients perpendicular to the
loading axis whereas 𝜙! and 𝜙" tend to orient parallel to the loading axis. 𝜙" will have a
maximum orientation in the 85 − 90° bin with a concentration of 1400 orientations, which
is about a 1.5-fold increase from the initial concentration. Figures A88 to A91 in Appendix

107

A show the evolution of slip plane normal from a strain of 0.1 to 0.4 in channel die
compression for location (𝑏).

Figure 84: Orientation of 𝜙* , 𝜙! , 𝑎𝑛𝑑 𝜙" at the end of channel die compression at location (𝑏)

Figure 85 shows the distribution of orientations as a scatter and contour of points at the
start of channel die compression.
Initial Scatter on X3 – X1 Plane in Channel Die Compression

Figure 85: Scatter and contour plot of orientation at the start of channel die compression

Figure 86 shows the distribution of orientations as a scatter and contour plot at the end
of channel die compression for point (𝑏) along with experimental EBSD texture plots.
Figures A92 to A95 in Appendix A show the scatter and contour plot of orientation from a
strain of 0.1 to 0.4 in channel die compression for location (𝑏).
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Figure 86: Scatter and Contour plot of orientation at the end of channel die compression for location (𝑏)

4.5. Discussion
From the above results, it can be seen that a comprehensive study of the texture
evolution in bismuth telluride is studied when it is subject to different deformation
conditions. For the as-received extruded rod, from the experimental and simulation studies,
it is seen that the texture varies from the center of the sample towards the edge that is in
contact with the die and the maximum in the EBSD pole figure increased from 3.89 at the
center to 7 towards the surface that was in contact with the die which can be seen in Figure
53. The strain tensor obtained from the finite element program has shown that at the central
location the extrusion process is similar to axisymmetric compression. Simulation studies
have shown us the maximum in the texture was at around 5 near the center and about 6.92
closer to the die surface which are in comparison to the available experimental results.
Table 10 compares the experimental and simulated maximum in the texture plot for the
points (𝑎) and (𝑑) as seen in Figure 52.
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Table 10: Comparing the experimental and simulated maximum in the texture plots in extrusion

Point

Experimental

Simulated

(a)

3.89

4.99

(d)

6.99

6.92

From section 4.1 it is seen that as the strain is increasing the orientations are moving
towards the circumference and the maximum in the contour plot is proportional to the strain
observed at that location. For both the points, it is observed that the slip plane normal
orientation 𝜙" is orienting perpendicular to the loading axis and agrees with the discussion
from section 3.5 and literature and the slip plane normal orientations 𝜙$ and 𝜙! are
orienting parallel to the loading axis.
For the BM + SPS condition, the experimental results have shown that the texture is
random, and the simulation studies are also in good comparison with the experimental
results. Table 11 compares the maximum in the texture plot for the experimental and
simulated results.
Table 11: Comparing the experimental and simulated maximum in the texture plots in BM + SPS
condition

Experimental

Simulated

1.97

2.71

In the BM + SPS and sandwich rolling (BM + SPS + SR) case it is seen that a highly
textured material is observed along the [0001] axis and the maximum from the
experimental and simulated values are shown in table 12.
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Table 12: Comparing the experimental and simulated maximum in the texture plots in BM + SPS
condition

Experimental

Simulated

12.373

16.400

When the as-received extruded rods are subjected to channel die compression, a
variation of strain was seen from the center of the sample to the edge of the sample. Texture
studies were done at two locations as seen in Figure 67 to study the effect of proximity to
the die. Table 13 compares the experimental and simulated maximum in the texture plot
for the points (𝑎) and (𝑏) as seen in Figure 67.
Table 13: Comparing the experimental and simulated maximum in the texture plots in extrusion

Point

Experimental

Simulated

(a)

5.91

7.99

(b)

8.28

8.55

Plastic deformation at elevated temperature in brittle Bi-Te alloy involves a
considerable contribution from basal plane slip (cleavage plane), twinning, and
recrystallized grain rotation. Although the basal plane slip is dominant in the plastic
deformation of Bi-Te alloys, twinning and grain rotation are also important mechanisms of
texture evolution. The texture in the material gets stronger as the plastic deformation is
increased. From the results seen so far, the highest degree of texture is observed when the
material is ball milled, sintered by spark plasma sintering, and then subjected to sandwich
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rolling and from the experimental results, it is observed that the material exhibits a higher
degree of texture when the extrusion direction is perpendicular to the extrusion direction.
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Chapter 5
Summary and Conclusions

In this study, a comprehensive study was made on the influence of thermomechanical
processing on the texture of the material that develops in a layered material. From the study,
it can be seen that the texture that is observed in the material depends on various factors
such as the imposed strain on the material, type of deformation, and the proximity to the
die.
A geometric model was developed to observe the texture evolution under different
deformation conditions. In a uniaxial compression-only one slip plane normal orientation
(𝜙" ) was assumed to be uniformly distributed between 0° and 90° and for a strain
increment of 0.2, the magnitude of the largest incremental change in 𝑑𝜙" of −0.74 is
observed at 𝜙" = 30°.
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An orientation evolution matrix was developed to determine the incremental rotation
of the slip plane normal at each strain increment. The orientation evolution matrix was
applied to plane strain compression and axisymmetric compression. Texture evolution in a
2D plane strain compression involved two slip plane normal orientations (𝜙$ , 𝑎𝑛𝑑 𝜙" ), in
which 𝜙" angle is chosen to be random and uniformly distributed between 0° and 90° as
before, and 𝜙$ = 90° − 𝜙" . The maximum change in orientation angle is observed at 45°
having a maximum 𝑑𝜙" of −1.14 degrees.
Plane strain and axisymmetric compression of a slab of polycrystalline material
included all the slip plane normal orientations (𝜙$ , 𝜙! , 𝑎𝑛𝑑 𝜙" ) having an initial skewed
distribution. In all cases 𝑋" is the compression direction and it is observed that the slip
plane normal orients parallel to the loading axis. At the end of the plane strain and
axisymmetric compression, it is observed that the orientations tend to move towards the
center in the projection on 𝑋$ − 𝑋! plane and towards the 𝑋" axes in the projections on the
𝑋! − 𝑋" and 𝑋" − 𝑋$ planes. In the plane strain case, since 𝑑𝜀! = 0, the projections on the
𝑋$ − 𝑋! plane show a shift in the orientation towards the 𝑋$ direction and away from the
𝑋! direction. In the axisymmetric condition, the projections on the 𝑋! − 𝑋" and 𝑋" − 𝑋$
planes look similar. 𝜙" showed a 16 – fold increase from the initial orientation in plane
strain compression, whereas axisymmetric compression showed a 15 – fold increase from
the initial orientation.
The extruded material had a similar initial slip plane normal orientations
(𝜙$ , 𝜙! , 𝑎𝑛𝑑 𝜙" ) as in the case of plane strain and axisymmetric condition and it was
observed that the texture is dependent on the die contact. 𝑋" was the extrusion direction
and it is observed that 𝜙" orients perpendicular to the loading axis, whereas 𝜙$ and 𝜙! tend
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to orient parallel to the loading axis and have similar distributions. At the end of extrusion,
it is observed that the orientations tend to move toward the circumference and the number
of orientations at the circumference is dependent on the total strain that is observed at that
location. Simulation studies have shown us the maximum in the texture was at around 5
near the center and about 8.63 closer to the die surface which are in comparison to the
available experimental results
The extruded material was subjected to channel die compression and hence the final
orientation of the extrusion process will be the initial orientations. 𝑋$ was the compression
direction and it was observed that 𝜙$ orients perpendicular to the loading axis whereas 𝜙!
and 𝜙" tend to orient parallel to the loading axis. Simulation studies have shown us that
the texture is higher closer to the die surface and is in comparison to the available
experimental results.
In conclusion, the texture of the material is directly related to the strain that is imposed
on the material, proximity to the die, and the type of deformation.
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Chapter 6
Future Work
There remain a few unsolved works regarding the texture evolution in 𝐵𝑖! 𝑇𝑒" . Firstly,
geometrical modeling has to conducted for the extruded 𝐵𝑖! 𝑇𝑒" material when subjected
to rolling, where the rolling direction is either parallel or perpendicular to the extrusion
direction.
The as-received extruded rods were subjected to rolling and Figure 87 shows the
sectioning of the samples from the sandwich rolled plates. The white arrow indicates the
rolling plane. EBSD characterization was carried out on the rolling (F), transverse (T) and
longitudinal (L) planes at three locations indicated by the numbers 1, 2, and 3.

Figure 87: Section of the sample from the sandwiched rolled plates [17]

116

Figures 88 and 89 show the textures that are developed in the sample when the rolling
direction is perpendicular to the rolling direction and the rolling direction is parallel to the
extrusion direction respectively.

Figure 88: Effect of texture when the rolling direction is perpendicular to the extrusion direction (white arrow:
rolling direction, black arrow: extrusion direction) [17]
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Figure 89: Effect of texture when the rolling direction is parallel to the extrusion direction (white arrow:
rolling direction, black arrow: extrusion direction) [17]
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Secondly, a better representation of the contour plots is to be developed which involves
the general 3-D deformation conditions, third work would be on converting the available
slip plane normal orientations and converting them to Euler angles or in contrast convert
the available experimental Euler angles to slip plane normal orientations and generate
EBSD pole figures at each strain increment and lastly a crystal plasticity modeling
approach is to be performed.
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Appendix A

Figure A1: Histograms of slip plane normal orientations from a strain of 0.1 to a strain of 0.6
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Figure A2: Histograms of 𝜙" from a strain of 0.1 to a final strain of 0.6 in plane strain
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Figure A3: Histograms of 𝜙* from a strain of 0.1 to a final strain of 0.6 in plane strain
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Figure A4: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.1
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Figure A5: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.2
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Figure A6: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.3
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Figure A7: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.4
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Figure A8: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.5
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Figure A9: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.6
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Figure A10: Scatter of orientations at a strain of 0.1

Figure A11: Scatter of orientations at a strain of 0.2

Figure A12: Scatter of orientations at a strain of 0.3
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Figure A13: Scatter of orientations at a strain of 0.4

Figure A14: Scatter of orientations at a strain 0.5

Figure A15: Scatter of orientations at a strain of 0.6
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Figure A16: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.1 in axisymmetric condition
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Figure A17: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.2 in axisymmetric condition
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Figure A18: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.3 in axisymmetric condition
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Figure A19: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.4 in axisymmetric condition
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Figure A20: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.5 in axisymmetric condition
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Figure A21: Histograms of 𝜙* , 𝜙! , 𝜙" , 𝜃* , 𝜃! , and 𝜃" at a strain of 0.6 in axisymmetric condition
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Figure A22: Scatter plot of orientations at a strain of 0.1 in axisymmetric condition

Figure A23: Scatter plot of orientations at a strain of 0.2 in axisymmetric condition

Figure A24: Scatter plot of orientations at a strain of 0.3 in axisymmetric condition
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Figure A25: Scatter plot of orientations at a strain of 0.4 in axisymmetric condition

Figure A26: Scatter plot of orientations at a strain of 0.5 in axisymmetric condition

Figure A27: Scatter plot of orientations at a strain of 0.6 in axisymmetric condition
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Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.09

Figure A28: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.09 in Extrusion 3D condition at the location
(𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.20

Figure A29: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.20 in Extrusion 3D condition at the location
(𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.30

Figure A30: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.30 in Extrusion 3D condition at the location
(𝑎)
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Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.41

Figure A31: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.41 in Extrusion 3D condition at the location
(𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.51

Figure A32: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.51 in Extrusion 3D condition at the location
(𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) – Strain of 0.59

Figure A33: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.59 in Extrusion 3D condition at the location
(𝑎)
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Figure A34: Scatter and Contour plot of orientation at a strain of 0.09 in Extrusion 3D condition at the
location (𝑎)

Figure A35: Scatter and Contour plot of orientation at a strain of 0.20 in Extrusion 3D condition at the
location (𝑎)
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Figure A36: Scatter and Contour plot of orientation at a strain of 0.30 in Extrusion 3D condition at the
location (𝑎)

Figure A37: Scatter and Contour plot of orientation at a strain of 0.41 in Extrusion 3D condition at the
location (𝑎)
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Figure A38: Scatter and Contour plot of orientation at a strain of 0.51 in Extrusion 3D condition at the
location (𝑎)

Figure A39: Scatter and Contour plot of orientation at a strain of 0.59 in Extrusion 3D condition at the
location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.09
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Figure A40: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.09 in Extrusion 3D condition at the location
(𝑑)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.19

Figure A41: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.19 in Extrusion 3D condition at the location
(𝑑)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.29

Figure A42: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.29 in Extrusion 3D condition at the location
(𝑑)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.39
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Figure A43: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.39 in Extrusion 3D condition at the location
(𝑑)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.49

Figure A44: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.49 in Extrusion 3D condition at the location
(𝑑)
Histograms in degrees of Phi in Extrusion 3D at location (d) – Strain of 0.59

Figure A45: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.59 in Extrusion 3D condition at the location
(𝑑)
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Figure A46: Scatter and Contour plot of orientation at a strain of 0.09 in Extrusion 3D condition at the
location (𝑑)

Figure A47: Scatter and Contour plot of orientation at a strain of 0.19 in Extrusion 3D condition at the
location (𝑑)
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Figure A48: Scatter and Contour plot of orientation at a strain of 0.29 in Extrusion 3D condition at the
location (𝑑)

Figure A49: Scatter and Contour plot of orientation at a strain of 0.39 in Extrusion 3D condition at the
location (𝑑)
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Figure A50: Scatter and Contour plot of orientation at a strain of 0.49 in Extrusion 3D condition at the
location (𝑑)

Figure A51: Scatter and Contour plot of orientation at a strain of 0.59 in Extrusion 3D condition at the
location (𝑑)
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.0967
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Figure A52: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.09 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.2369

Figure A53: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.23 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.3191

Figure A54: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.31 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.4180

Figure A55: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.41 in BM + SPS + SR condition
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Histograms in degrees of Phi - BM + SPS + SR – Strain 0.5148

Figure A56: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.51 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.6173

Figure A57: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.61 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.7314

Figure A58: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.73 in BM + SPS + SR condition
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Histograms in degrees of Phi - BM + SPS + SR – Strain 0.8270

Figure A59: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.82 in BM + SPS + SR condition
Histograms in degrees of Phi - BM + SPS + SR – Strain 0.9134

Figure A60: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.91 in BM + SPS + SR condition

Figure A61: Scatter and Contour plot of orientation at a strain of 0.09 in BM + SPS + SR condition
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Figure A62: Scatter and Contour plot of orientation at a strain of 0.23 in BM + SPS + SR condition

Figure A63: Scatter and Contour plot of orientation at a strain of 0.31 in BM + SPS + SR condition
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Figure A64: Scatter and Contour plot of orientation at a strain of 0.41 in BM + SPS + SR condition

Figure A65: Scatter and Contour plot of orientation at a strain of 0.51 in BM + SPS + SR condition

Figure A66: Scatter and Contour plot of orientation at a strain of 0.61 in BM + SPS + SR condition
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Figure A67: Scatter and Contour plot of orientation at a strain of 0.73 in BM + SPS + SR condition

Figure A68: Scatter and Contour plot of orientation at a strain of 0.82 in BM + SPS + SR condition

154

Figure A69: Scatter and Contour plot of orientation at a strain of 0.91 in BM + SPS + SR condition
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.11

Figure A70: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.11 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.19

Figure A71: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.19 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.31

Figure A72: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.31 in channel die compression at location (𝑎)
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Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.39

Figure A73: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.39 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.50

Figure A74: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.50 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.58

Figure A75: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.58 in channel die compression at location (𝑎)
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Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.71

Figure A76: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.71 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.78

Figure A77: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.78 in channel die compression at location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (a) followed by Side Pressing at location (a) – Strain of 0.89

Figure A78: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.89 in channel die compression at location (𝑎)
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Figure A79: Scatter and Contour plot of orientation at a strain of 0.11 in channel die compression at
location (𝑎)

Figure A80: Scatter and Contour plot of orientation at a strain of 0.19 in channel die compression at
location (𝑎)
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Figure A81: Scatter and Contour plot of orientation at a strain of 0.31 in channel die compression at
location (𝑎)

Figure A82: Scatter and Contour plot of orientation at a strain of 0.39 in channel die compression at
location (𝑎)
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Figure A83: Scatter and Contour plot of orientation at a strain of 0.50 in channel die compression at
location (𝑎)

Figure A84: Scatter and Contour plot of orientation at a strain of 0.58 in channel die compression at
location (𝑎)
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Figure A85: Scatter and Contour plot of orientation at a strain of 0.71 in channel die compression at
location (𝑎)

Figure A86: Scatter and Contour plot of orientation at a strain of 0.78 in channel die compression at
location (𝑎)
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Figure A87: Scatter and Contour plot of orientation at a strain of 0.89 in channel die compression at
location (𝑎)
Histograms in degrees of Phi in Extrusion 3D at location (d) followed by Side Pressing at location (b) – Strain of 0.08

Figure A88: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.08 in channel die compression at location (𝑏)
Histograms in degrees of Phi in Extrusion 3D at location (d) followed by Side Pressing at location (b) – Strain of 0.19

Figure A89: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.19 in channel die compression at location (𝑏)
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Histograms in degrees of Phi in Extrusion 3D at location (d) followed by Side Pressing at location (b) – Strain of 0.27

Figure A90: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.27 in channel die compression at location (𝑏)
Histograms in degrees of Phi in Extrusion 3D at location (d) followed by Side Pressing at location (b) – Strain of 0.39

Figure A91: Histograms of 𝜙* , 𝜙! , and 𝜙" at a strain of 0.39 in channel die compression at location (𝑏)

Figure A92: Scatter and Contour plot of orientation at a strain of 0.08 in channel die compression at
location (𝑏)
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Figure A93: Scatter and Contour plot of orientation at a strain of 0.19 in channel die compression at
location (𝑏)

Figure A94: Scatter and Contour plot of orientation at a strain of 0.27 in channel die compression at
location (𝑏)
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Figure A95: Scatter and Contour plot of orientation at a strain of 0.39 in channel die compression at
location (𝑏)
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